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V7BFL2 Formal Logic 2 
 
Module convenor: Carrie Jenkins 
Office: C6 Trent 

Email: carrie.jenkins@nottingham.ac.uk 
Office hours: Tuesdays 10-12  
Website: carrie.jenkins.philosophy@googlepages.com 

Lectures: Monday 4-5, LASS B1 and Tuesday 2-3, POPE A1 
 

This is a 10-credit level B module. It presupposes V7AFL1 Formal Logic 1 (or 
equivalent). It is compulsory for second-year students of Joint Honours 
Mathematics and Philosophy, and open to anyone with the necessary 

prerequisite knowledge of logic. 
 
Formal Logic 2 contains much of the basic mathematical logic which is needed 

to understand current debates about the philosophy and foundations of 
modern mathematics. Although not strictly a prerequisite for the third-year 

option V73POM Philosophy of Mathematics, it will certainly be helpful for 
anyone planning to take that course. 
 

 
Aims and objectives 

 
The aim of Formal Logic 2 is to introduce students to the mathematical theory 
of what can and cannot be done with the kinds of logical system introduced in 
Formal Logic 1. We discuss the tree method  of proof and show that it is sound 

and complete, building on concepts learned in Formal Logic 1. We then discuss 
the concept of an effectively computable function, again building on concepts 
from Formal Logic 1, and demonstrate some theoretical limitations on any 

possible computer. The course is structured as a whole by consideration of the 
formal development of natural-number arithmetic, drawing together the 

various elements of the course for a sketch of one of the great intellectual 
achievements of the twentieth century: Gºdelôs proof of the incompleteness of 
arithmetic.  

 
By the end of the module you should: 
 

¶ understand at least one of the many equivalent definitions of computability, 
¶ understand and be able to reproduce proofs of some major results in 

mathematical logic (Completeness theorem, Churchôs theorem, 
undecidability of the halting problem), and 

¶ understand, at least in outline, the way in which arithmetic can be 

developed as a formal system, and the limitations of any such 
formalization. 
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Teaching 

 
Classes will begin in week one, so the first class is on Monday 25th January. 

 
The module will be taught by means of two informal one-hour classes per 
week. In these classes (which are sort of lecture/seminar hybrids) I will talk 

through the concepts and results that you need to learn, and you will be able 
to ask questions and discuss the topics as we go along. 
 

Basically, all of the materials you really need for the course are contained in 
this module guide and the class notes (all of which will be posted on WebCT). 

But we shall also use (the second half of) Richard Jeffrey - Formal Logi c, 
Its Scope and L imits  as a source of additional material and to give you 
another take on the topics. The third edition of the book is now out of print, 

but available in the library and Amazon offers second-hand copies. It has been 
republished in a fourth edition by Hackett (but costs £24.95). This book will be 
useful both in preparation for the lectures and to consolidate material after a 

lecture, so I would recommend getting hold of a copy if you can.  
 

 
Assessment 

 
The module will be assessed by coursework (20%) and a one-hour exam 

(80%).  
 

The coursework will consist of two in-class tests (10% for the better of your 
two marks) and a take-home exercise (10%). The exercise, accompanied by 
the standard Philosophy Department cover sheet, should be handed in to the 

Philosophy departmental office by 5pm on Tuesday 4th May (directly after the 
Easter break; note that this is the same date as the third essay deadline). 
Electronic submission is not required for this exercise. 

 
Note on plagiarism: answers to the take-home exercise must be entirely your 

own work. Getting assistance from another student is an extremely serious 
academic offence. However there is nothing wrong with using the library. 
Being asked to prove something and finding out how to by consulting 

literature on logic (e.g. the supplementary reading mentioned below) amounts 
to developing the useful skill of extracting information. However, you must do 
this  on your own as well. 

 
One major reason not to plagiarise on the take-home exercise is that this 

exercise is one of your best opportunities to get feedback on how well you  are 
doing, and where you may need to do more work before the exam. 
 

You are, however, most welcome to help one another by discussing anything 
except  the take-home exercise. 
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Breakdown of hours 
 

1 credit is reckoned to translate (roughly) into 7.5 hours work. For a 10 credit 
module like this, that means 75 hours ï again, roughly. A suggested 
breakdown of these hours for V7BFL2 might be as follows: 

Tutor-led: 22 hours of lectures. 
That leaves 53 hours for work you will need to put in yourself through reading 
and preparation. Perhaps: 

Preparation for lectures: 11 hours (i.e. half an hour per lecture). 
Consolidation of lecture material: 11 hours (i.e. half an hour per lecture). 

Doing take-home exercise: 12 hours 
Revision in preparation for the exam: 16 hours. 
Other (e.g. discussion with other students outside class times): 3 hours 

 
How seriously should you take these suggestions? The overall figure of 75 
hours is probably more important than any particular suggestion about how 

they break down (and people vary a lot in how they reckon the breakdown). If 
you are spending significantly less time than this on the module you need to 

think carefully about whether your work is adequate (though if youôre very 
good at logic, you may well be able to get away with less). On the other hand, 
working significantly longer could be an indication that your time is not being 

spent very efficiently. 

 

 
Supplementary reading 

 
We use Jeffreyôs book because of the clarity and elegance with which it gets 
quickly through to quite deep results. However, you may find it useful to look 
at some other books, thus improving your grasp of the material by 

approaching it from more than one angle. Here are some suggestions: 
 
First note that the second  edition of Jeffrey contains some material which was 

omitted from the slimmed-down third edition, and is also worth looking at if 
you can get hold of it. 

 
A particularly fine intermediate-level text (i.e. half a level above Formal Logic, 
Its Scope and L imits ) is George Boolos & Richard Jeffrey, Computability and 

Logic . 
 
You could afford to go a full level higher to the standard textbooks of 

mathematical logic. These are generally aimed at final-year mathematicians 
(or American students beginning graduate school) and expect considerable 

mathematical sophistication of the reader. They also go way beyond the 
demands of our module. However, they donôt expect much in the way of prior 
mathematical knowledge, so they are not wholly out of reach. One option (for 

the very  ambitious student!) is Joseph Shoenfield - Mathematical Logi c. Also 
good, less demanding, and in many ways closer to Jeffreyôs approach is J.L. 
Bell & M. Machover - A Course in Mathematical Logic . 
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[Youôll find lots of other logic books at various levels both in the Main 
(Hallward) Library and in the (George Green) Science Library.] 

 
 

Take-home exercise 
 
This will be handed out during the early part of the course.  Although it 
doesnôt have to be handed in until after Easter, it is a good idea to start 

working on the questions as soon as we come to the relevant material. 
You can then review and finalize your answers before handing them in.  
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1. Some basic set theory 
 

[We wonôt go through this section in lectures. It is largely just a summary of the 

vocabulary of modern mathematics. Maths students will know it all already, and 

should just skim through it to see how Iôm going to be using certain symbols. If 

you havenôt been taught maths in a modern way youôll need to read it a little more 

carefully, and/or refer back to it from time to time.] 

 

Sets 

 

A set is a collection of objects, its members. Thus, for example, six is a member 

of the set of even numbers and you are a member of the set of readers of these 

notes. We regard sets as further objects (not identical to their members), which 

can in turn be members of sets, giving us sets of sets, sets of sets of sets and so on. 

In such cases we may use óclassô and ócollectionô as stylistic variants for ósetô, 

talking of collections of classes of sets. The mathematical symbol for óis a 

member ofô is Í, a special version of the Greek letter e (epsilon). Thus to say that 

the object a is a member of the set X we write a Í X, and to say that a is not a 

member of X we write a Î X. 

 

Typically, books on set theory begin by giving as examples a football team, a 

bunch of grapes or the like. This may help to give beginners the idea, but in fact 

neither of these is a set in the strict mathematical sense. For in our strict sense, 

what set a particular set is, its identity, is a matter of what members it has, and 

nothing else. Further, we think of sets as abstract entities, not existing in space or 

time. Now the local football team may have exactly the same members as the 

local fire brigade without being the local fire brigade, and indeed one and the 

same team may have different members at different times. Further, a bunch of 

grapes is a physical object which we think of as being destroyed when its 

members are physically separated. So football teams and bunches of grapes as 

usually understood are not really sets. 

 

Logicians traditionally distinguish between the óextensionô and the óintensionô of 

a concept or general term. Two concepts are said to have the same extension if 

exactly the same objects fall under them: they have the same intension only if 

they imply the same attributes. Taking a traditional example, the concepts of 

rational animal and featherless biped are distinct concepts with distinct intensions, 

but they have the same extension: exactly the same things fall under them 

(disregarding Papageno, Long John Silver and rational Martian decapoda). In 

saying that a setôs identity is determined by its members, we are saying that in 

contrast to concepts, sets are extensional: the set of rational animals is the set of 

featherless bipeds. 

  

Sets with a small enough number of members may be named by listing their 

members between braces. Thus the set of moons of Mars may be denoted by 

{Phobos, Deimos} . This notation may be extended to some large or infinite sets 

by the use of dots, for example denoting the set of perfect squares by {0,1,4,9,16, 

é } , but more usual notations for such cases are: {x | x is a perfect square} or 

x2 | xÍN{ }. N here is of course {0,1,2,3, é } , the set of natural numbers 
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(nonnegative whole numbers). [It is not universal among mathematicians, but 

usual among logicians, to count zero as a natural number: nothing hangs on this.] 

 

By extensionality, the set of unicorns is the same set as the set of round squares. 

(For them to be different, one would have to have members that the other didnôt!) 

This set with no members ð the  set with no members ð is called the empty set 

or the null set: it could in principle be called { }, but is usually called Ø. 

 

We say that a set X is a subset of a set Y, and write X  Ì Y, if every member of X 

is also a member of Y. Thus the set of kangaroos is a subset of the set of 

marsupials. As a stylistic variant, some writers talk of X being included in Y, but 

if you use this vocabulary be careful not to confuse inclusion with membership, Ì 

with Í. Clearly the empty set is a subset of every other set (all unicorns are 

marsupial!), and any set is a subset of itself. If X  Ì Y but X Í Y, i.e. if every 

member of X is a member of Y but not vice-versa, we say that X is a proper 

subset of Y. (Some older books use the symbol Ë in place of our Ì , while more 

recent books use Ë to mean óis a proper subset ofô; in view of this ambiguity, I 

shall avoid the symbol Ë all together.)  

 

Given sets X and Y, the set whose members are all the objects belonging to either 

X or Y (or both) is called the union of X and Y and denoted by X Ç Y. The 

intersection of X and Y, denoted by X Æ  Y, is the set of those objects which X 

and Y have in common. Thus, for example, we have: 

 {a, b, c} Ç  {b, c, d}  = {a, b, c, d}  

 {a, b, c} Æ  {b, c, d}  = {b, c}  

If you want to pronounce the symbols Ç  and Æ  you can call them ócupô and 

ócapô.  Using this notation, if S is a set and a an object which may not already be 

in S then SÇ a{} is the set which results from adjoining a to S. 

 

X and Y are disjoint  if they have no members in common, i.e. if  X Æ  Y = Ø . A 

collection of sets is pairwise disjoint if no two of the sets have common 

members. 

 

 

Relations 

 

The members of a set are not in general considered to be ordered: by 

extensionality the pair {a, b} is just the same set as the pair {b, a}. In contrast, by 

<a, b > we mean the ordered pair. For ordered pairs we have: 

 

<x, y > = <z, w >  iff  x = z and y = w. 

 

The idea may be extended analogously to ordered triples, quadruples and so on. 

Note that some books use parentheses, (), for our angle brackets, < >. 

 

If X, Y are two sets, the set of all ordered pairs <x, y > with x Í X and y Í Y is 

called the cartesian product of X and Y, and denoted by X ³ Y [read: óX cross Y 

ô]: 
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X ³  Y = {<x, y > | x Í X Ø y Í Y } . 

 

Any old set of ordered n-tuples is an n-ary relation. The relation R holds between 

x1, x2, é xn iff  <x1, x2, é xn> Í  R. In practice we shall be concerned almost 

exclusively with dyadic relations ð binary relations, if you prefer Latin to Greek. 

In this case, instead of <x, y > Í  R it is usual to write xRy. The relation of óbeing 

less thanô among natural numbers is, for example {<x, y > Í N ³  N | x < y } , the 

set of all ordered pairs of natural numbers such that the first is less than the 

second. 

 

Our treatment of relations is thus, like our treatment of sets, extensional, in that 

we regard relations as identical if they hold between exactly the same objects. 

Thus if the members of the gym squad are lined up in order of height from left to 

right, we consider the relation being to the left of to be the very same relation as 

being taller than. 

 

There are a number of properties which dyadic relations may have or fail to have 

and which have been thought worthy of a name. We shall need only the following 

three, where the variables x, y, z range over the field of R (the set of objects 

between which R holds or fails to hold). R is 

 

reflexive  iff   "x x R x 

symmetric iff   "x"y (x R y ­  y R x ) 

transitive iff   "x"y"z ((x R y Ø y R z) ­  x R z ) 

 

If one line is parallel to another, then the two lines have the same direction. If 

Jack balances against Jill, then Jack and Jill have the same weight. But if Jack 

loves Jill, it notoriously doesnôt follow that they have anything in common. What 

is it about the relations of parallelism and balance that justifies the move from óx 

bears R to y ô to óx and y share the same F ô? To answer this question we need the 

concept of a partition. A partition  of a set is a subdivision of it. Thus, for 

example, if a, b, é f are distinct objects a possible partition of the set {a, b, c, d, 

e, f }  would be given by {{a, b, c } , {d } , {e, f } } . More formally, Ø is a 

partition of a set S iff Ø is a collection of nonempty pairwise disjoint subsets of S 

whose union is S. 

 

Now let Ø be a partition of S, and consider the relation óbelongs to the same 

member of Ø asô, which we shall call R. Note that R is: 

 

reflexive: for x in S, x belongs to the same member of Ø as x 

symmetric: if x belongs to the same member of Ø as y, then y belongs to the same 

member of Ø as x 

transitive: if x belongs to the same member of Ø as y, and y belongs to the same 

member of Ø as z, then x belongs to the same member of Ø as z. 

 

A relation having these three properties is called an equivalence relation. Now 

not only does a partition induce an equivalence relation; the reverse is also the 

case. If R is any equivalence relation with field S, then there is a corresponding 
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partition Ø of S such that for x, y in S, x bears R to y iff x and y belong to the same 

member of Ø . 

 

Proof: For any x in S, define its R-equivalence class as y | xRy{ }. By reflexivity 

xÍ y | xRy{ }, so the equivalence classes are non-empty and together cover S; it 

remains to show that equivalence classes which overlap coincide. Let y | xRy{ } 
and y | zRy{ } have a common member a so that xRa and zRa. By symmetry aRx 

and then by transitivity zRx. If wÍ y | xRy{ } then xRw, so by transitivity again 

zRw, i.e. wÍ y | zRy{ }. Thus we have shown that y | xRy{ }Ì y| zRy{ }; a parallel 

argument shows that y | zRy{ }Ì y| xRy{ } and thus that y | xRy{ }= y | zRy{ }. 
 

Another way of looking at it:  consider the objects in the field of a relation as 

ópointsô in a óspaceô, and join x to y with an arrow iff the relation holds between x 

and y. (This represents our binary relation as a ódirected graphô.)  If the relation is 

reflexive, all points are joined by loop-arrows to themselves.  If it is symmetric, 

all arrows are double-headed.  And if it is transitive, for any arrows leading from x 

to y and from y to z there is a óshort-cutô arrow directly from x to z.  Putting all 

this together we see that an equivalence relation divides up its field into internally 

completely bonded but externally unconnected subclasses: 

 

 

For further discussion, see Wilfrid Hodges - Logic §§ 31-33. 

 

 

Functions 

 

The concept of function, or mapping, is perhaps the most important idea in 

modern mathematics. Naively, a function is thought of as a rule or procedure (say 

a computer program) which, given an object or argument, produces an object or 

value of the function for that argument. As an example where arguments and 

values are numbers, the square function gives us the value 0 for the argument 0, 

the value 1 for the argument 1, the value 4 for the argument 2, the value 9 for the 

argument 3, and so on. But note that functions donôt have to concern numbers: the 

function which assigns to every person that personôs mother is a perfectly good 

function. 

 

The intuitive notion needs a little refinement. Firstly, we shall be considering 

functions, like sets and relations, extensionally. Thus if two quite differently 

constructed computer programs always give the same values for the same 

arguments, we shall consider them as computing the same function. A function is 

not so much a rule or method of computation but rather a pattern of results. 
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Secondly, the idea of a rule (or program) may suggest that functions have to be 

regular in some way. They donôt. We shall allow a function to be infinitely 

chaotic, in the sense of not being given by any finitely statable rule or program. 

For example, consider a function which, for the argument 0 gives the value 7, for 

1 gives 385, for 2 gives 1, for 3 gives 96, for 4 gives 51, é and so on, higgeldy-

piggeldy and without rhyme or reason, for ever. It may be neither computable by 

means of a finite program nor definable by means of a finite description (which is 

not the same thing, by the way), but itôs a perfectly good function so far as we are 

concerned. 

 

The set of arguments for which a function is defined is its domain; the set among 

whose members it finds its values is its codomain or target. The function is said 

to be a function on its domain which maps that domain into its target. For 

specifying functions the following notation of colons and arrows has become 

standard: 

 

f : X­Y means  f is a function on X into Y, i.e. defined on the domain  

    X with values in the target Y. 

 

Almost as standard is to use an arrow with a tail not between domain and target, 

but between argument and value. Thus: 

 

f: x ̊Ÿ y  means f sends the argument x to the value y. 

 

Don't confuse maps into, ­ , with sends to, Ÿ̊ . Thus, for example, to define f to 

be the square function for natural numbers as arguments and taking natural 

numbers as values, we might write: f: N Ÿ N; n Ÿ̊ n
2
. The value of f at the 

argument x is denoted by f (x ), or more simply fx. Thus if f: x ̊Ÿ y we have 

y = f(x).
 

 

In general a function is many-one: it may send different arguments to the same 

value, but has only one value for each argument. The picture to keep in mind is 

something like the following: 

 

 
 

Logicians and set-theorists usually define a function simply as a many-one set of 

ordered pairs: f is a function iff f is a dyadic relation such that if <x, y > Í  f and 

<x, z > Í  f, then y = z. Unfortunately, this isnôt quite compatible with how most 
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mathematicians who arenôt logicians use the word. The trouble is that while with 

the definition of a function as a set of ordered pairs the domain of f is extractable 

as x |$y x, y Íf{ }, we cannot in general extract the target. The set 

y |$x x, y Íf{ } of values taken by f, sometimes called the image of f, may not 

be the whole target; for example, with our square function, though we defined the 

target to be N, only the perfect squares will occur among the values. Now it is 

often useful, particularly in that branch of algebra known as Category Theory or 

Abstract Nonsense, always to regard a function as attached to a specific target. So 

when talking to category theorists we shall instead define a function as an ordered 

pair <f, Y >, where f is a many-one set of ordered pairs and Y an appropriate target. 

  

A function whose target is the same as its domain, f : X ­  X is called an 

operation on the set X. Some functions are intuitively thought of as taking two 

arguments at once. Addition, for example, is a function which sends two 

summands to a sum. But our general definition of a function can cope with this by 

regarding addition as a function defined on a domain, not of numbers, but of 

ordered pairs of numbers. Thus, for example, the addition function on the real 

numbers is sum: N x N Ÿ N; <n,m> Ÿ̊ n + m. A function like this, f : X ³  X ­  

X, is called a binary operation. 

 

Let f : X ­  Y. If f hits every member of its target, in the sense that for every y in Y 

there is an x in X such that y = f (x ), then f  is said to be surjective, or a 

surjection, and to map X not merely into but onto Y. (In defiance of orthography, 

óontoô is written as a single word in this context, and even used uglily as an 

adjective ð óthe function is ontoô. Note that this definition presupposes that we 

are working with the category theoristôs notion of function.) If f, instead of being 

merely many-one, is one-one, sending distinct members of the domain to distinct 

members of the target, f (x1) = f (x2) ­ x1 = x2, then it is said to be injective, or an 

injection. A function which is both injective and surjective is said to be bijective, 

a bijection, or a one-to-one correspondence between its domain and its target. 

The pictures to keep in mind are the following: 
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2. Arithmetic  
 

Axioms for arithmetic  

 

By arithmetic  I shall always mean the theory of natural numbers 0, 1, 2, ... and the 

usual operations on them ð addition, multiplication etc.  [óArithmeticô is the 

logiciansô name: other mathematicians usually say ónumber theoryô.] 

 

Our first problem is that of characterizing the structure of this system of objects in a 

set of axioms.  The intuitive structure we are trying to capture has been familiar to 

everyone since infant school.  There is an initial number, zero, and then each natural 

number is such that it can be reached by counting out finitely far from zero, giving us 

the picture: 

So the basic idea is conveyed by: 

Axiom 1  Zero is a natural number 

Axiom 2  Every natural number has a unique successor. 

 

Our first two axioms are not sufficient to guarantee an infinite supply of natural 

numbers, because they donôt stop the counting-onwards process coming back to 

where it has been before, as in either of the following two pictures: 

 

We rule the first of these out by: 

Axiom 3 No two distinct natural numbers have the same successor 

And the second by: 

Axiom 4 Zero is not the successor of any natural number. 

 

It should be clear that these four axioms now enforce an infinite supply of numbers: 

the first two axioms give us a starting point and force us to count indefinitely 

onwards, while the next two guarantee that in so doing we shall never return to 

where we have been. 

 

It is not too difficult to formalize our first four axioms in a first-order language. We 

can build Axiom 1 into the language by adopting ó0ô as an individual constant and 

Axiom 2 by adopting ósô as a unary function symbol. Axioms 3 and 4 can then be 

expressed as: 

 

"x"y(sx = sy Ą x=y) 

     

0 1 2 3 ...

         

0 * *

* *

0 *

* *
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"x ¬(sx = 0) 

The axioms so far do not however guarantee that every number will be accessible by 

counting far enough from zero.  An óarithmeticô with just these axioms is bound to 

have a full supply of natural numbers, but it may have lots of other rubbish as well.  

Consider, for example, an óarithmeticô with the usual numbers 0, 1, 2, é plus a 

doubly infinite succession of extra objects: 

How shall we frame, without circularity, an axiom which guarantees that each of our 

ónatural numbersô can be reached by some finite number of applications of the 

successor operation to zero? This problem is not trivial, and was first solved by 

Frege in his Begriffsschrift of 1879. For our fifth and final axiom we shall go straight 

into symbols, but this time into the symbols of second-order logic: 

 

Axiom 5 "X X0Ø"x Xx­Xsx( )( )­"xXx( ). 
 

óXô here is a one-place predicate variable. In first-order logic our variables óxô, óyô 

etc. ranged over the individuals of the domain. The only predicates we had were 

constants like óFô, and an interpretation assigned to a one-place predicate a subset of 

the domain. Our one-place predicate variables in second-order logic are thus 

normally construed as ranging over every subset of the domain. Thinking of it that 

way, here is Axiom 5 in English: 

 

Every set of natural numbers which  

(1) contains zero and  

(2) whenever it contains a natural number also contains its successor  

contains every natural number. 

 

Note that the set of ógenuineô natural numbers contains zero and is closed under 

succession in this way, so our axiom tells us that the genuine natural numbers are all 

the natural numbers there are. 

 

We shall see in due course that the move to second-order logic is essential here: the 

full work of Axiom 5 cannot be done if we stick to a first-order language. 

 

[Exercise: x is an ancestor of y iff x is a parent of y or a parent of a parent of y or é.  

Using the idea behind Axiom 5, give in second-order logic a finite definition of óx is 

an ancestor of yô in terms of óé is a parent of éô.] 

 

The five axioms we have now assembled are generally known as Peanoôs axioms, 

and were stated by Peano in 1891.  In fact Dedekind had stated them three years 

earlier, and as we have seen the central idea in them is due to Frege. 

 

 

        

0 1 2 ...
**

... ...
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Mathematical Induction 

 

Hereôs another way of reading the fifth Peano axiom:  Anything such that itôs true of 

zero and whenever itôs true of a natural number is also true of that numberôs 

successor is true of every natural number. Thinking of the axiom in this way is 

perhaps more indicative of its main use, namely the justification of the standard form 

of proof in arithmetic, mathematical induction.  A proof by mathematical induction 

proceeds as follows: 

 

1)  We prove that something holds for 0. 

2)  On the assumption (óinduction hypothesisô) that it holds for an arbitrary number n 

(óinduction variableô), we prove that it holds for the successor of n. 

3)  We conclude that it holds for all natural numbers. 

 

This procedure is clearly justified by Axiom 5.  Indeed Axiom 5 is often called the 

óinduction axiomô. 

 

Closely related to mathematical induction is the recursive definition of arithmetical 

functions.  We define a function by giving the value it takes at the argument 0 

together with a general rule leading from its value at an arbitrary argument n to its 

value at sn.  For example, the factorial function may be defined by the stipulations: 

 
0!=1

sn()!=n!³sn
 

 

Addition and multiplication may be defined in terms of the successor function as 

follows: 

 
m+0=m

m+sn=s m+n( )

m³0=0

m³sn=m³n( )+m

 

  

Here m is an arbitrary but temporarily fixed number (óparameterô) and n is the 

induction variable. Such stipulations define a unique function in each case. This can 

be proved by mathematical induction: in each case the first equation defines a unique 

value for the argument zero, and the second equation, assuming that the function is 

defined uniquely for n, defines it uniquely for sn. So it is uniquely defined for all 

natural numbers. 

 

Defining a function in this way also gives a calculation procedure. Here, for 

example, we use the recursive definition of addition to calculate 2+2, thereby 

proving that 2+2=4: 

 
ss0+ss0=s ss0+s0( )

=ssss0+0( )

=ssss0.
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As a simple example of a proof by mathematical induction, we prove the 

associativity of addition: that for all m, n, p we have m+p( )+n=m+p+n( ).  Take 

m and p as fixed and n as the induction variable.  Then: 

 

 

(m + p) + 0  = m + p   [definition of ó+ô] 

= m + (p + 0)  [definition of ó+ô] 

 

(m + p) + sn  = s((m + p) + n)  [definition of ó+ô] 

= s(m + (p + n))  [induction hypothesis] 

= m + s(p + n)  [definition of ó+ô] 

= m + (p + sn)  [definition of ó+ô] 

  

 

Second-order formalization  
 

Using second-order logic, we can reduce recursive definitions to explicit ones. Thus 

for example óx+y=zô could be regarded as shorthand for the following: 

 

"W W0xØ"u"v Wuv­Wsusv( )( )­Wyz( ). 
 

Here óWô is a two-place predicate variable (ranging over all binary relations on the 

domain), and what the sentence says is that the ordered pair y,z  belongs to every 

set of pairs which contains 0, x  and whenever it contains a pair u,v  also contains 

su,sv . The smallest such set is 0, x , 1, x+1 , 2,x+2 ,...{ }= y, x+y | yÍN{ }, 
and y,z  can only belong to that if x+y=z .  

 

Thus it might seem that we could do the whole of arithmetic using second-order 

logic and a language whose only primitive symbols were the constant ó0ô, the unary 

function symbol ósô, the identity symbol ó=ô, individual variables óxô, óyô .., predicate 

variables óXô, óYô, ..., truth functional connectives and quantifiers. 

 

Unfortunately, there is a snag. As we shall eventually see, the completeness theorem 

fails for second-order logic. This means that something may be semantically entailed 

by our axioms without us being able to prove it from those axioms. Indeed many 

people argue that ólogicô ought to mean a set of rules for reasoning (e.g. our tree rules 

for first-order logic) and if thatôs what ólogicô means, second-order ólogicô wonôt 

really be logic at all. 

 

In consequence arithmetic (and mathematics in general) is always done in first-order 

logic. So we now turn to the problem of seeing just how far we can get formalizing 

arithmetic in first-order logic. 

 

 

First -order arithmetic  
 

We take first-order logic with identity and the individual constant ó0ô. Weôll need the 

function symbol ósô for successor, of course, but weôll need more than that, because 
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the second-order technique for reduction of recursive definitions to explicit ones is 

no longer available. In fact it turns out to be sufficient (in a sense we shall come to in 

due course) just to add two-place function symbols for addition and multiplication: 

ó+ô and ó³ô, and weôll follow the usual mathematical practice of writing these 

between their arguments: óx+yô rather than ó+xyô. Adoption of ó0ô and ósô builds the 

first two Peano axioms into our language. Weôve already seen how to formalize the 

next two as: 

 

"x"y(sx = sy Ą x=y) 

"x ¬(sx = 0) 

 

 

We adopt the recursion equations for addition and multiplication as additional 

axioms: 

 
"xx+0=x

"x"yx+sy=s x+y( )

"xx³0=0

"x"yx³sy= x³y( )+x.

 

 

Now what about the fifth, second-order Peano axiom? Well, we replace it by an 

axiom schema, that is, a rule for writing infinitely many axioms. Consider our proof 

above of the associativity of arithmetic. In that proof we argued that if 

m+p( )+0=m+p+0( ) and 

"n m+p( )+n=m+p+n( )­ m+p( )+sn=m+ p+sn( )( ) then 

"n m+p( )+n=m+p+n( ). So the following axiom would have done the job: 

 

"y"z[ y+z( )+0=y+z+0( )Ø"x y+z( )+x=y+ z+x( )­ y+z( )+sx=y+z+sx( )( )( )
­"x y+z( )+x=y+ z+x( )]

 

 

This axiom has the following form. We take a formula jx() containing óxô free (here 

it was the formula óy+z( )+x=y+z+x( )ô We then write: 

 

j0()Ø"xjx()­jsx()( )( )­"xjx()( ) 
 

and form what is called the óuniversal closureô ð i.e. prefix the formula by universal 

quantifiers corresponding to the other free variables in jx(), thus getting a closed 

formula (sentence). Our rule for generating axioms is thus: 

 

If jx() is a formula containing óxô free, then the universal closure of 

j0()Ø"xjx()­jsx()( )( )­"xjx()( ) is an axiom. 

 

This schema does not have the full force of the second-order induction axiom. The 

second-order axiom says something about every set of numbers. What each instance 

of the first-order schema does is say the same thing about a particular set of numbers, 
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namely the set x |jx(){ } defined by the formula jx(). Because not every set of 

numbers is so definable, the schema is strictly weaker than the second-order axiom. 

However, the schema supports every instance in which we might want to use 

mathematical induction, since of course we will only want to use it for properties of 

number we can define in our language. 

 

It may seem odd to have infinitely many axioms, but in fact itôs perfectly OK. In 

axiomatizing a branch of mathematics as a óformal systemô the crucial thing is that 

we must be able to check whether a purported proof in the system really is a proof or 

not. Well, given a string of symbols purporting to be an instance of the first-order 

induction schema, we can mechanically check whether it is or not. So given, say, a 

purported tree proof of a conclusion from our first-order axioms, we can check 

whether they really are all axioms before going on to check (also mechanically) 

whether the tree rules have been followed correctly or not. 

 

The axiomatic system defined by these 6 + infinity axioms (8 + infinity really except 

that we built the first two into our language) is what is today normally called óPeano 

Arithmeticô (more strictly ófirst-order Peano Arithmeticô, since as we have seen the 

original Peano axioms were second order), or PA for short. 
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3. First-order logic 
 

[This section is essentially just a recapitulation of things that should be pretty 

familiar from Formal Logic 1 (except that you may not be familiar with function 

symbols), but in the symbolism and with the vocabulary I shall be using.] 

 

 

Syntax 
 

The lexicon of a first-order language consists of: 

 

For each nÓ0 a set (which may be empty) of n-place predicates. 0-place predicates 

are called sentence letters. For predicates we shall use upper-case Roman letters. 

For each nÓ0 a set (which may be empty) of n-place function symbols. 0-place 

function symbols are called (individual) constants (Jeffrey: ónamesô). For function 

symbols we shall use lower-case Roman letters from the beginning or middle of the 

alphabet. 

An indefinitely expansible supply of (individual) variables. For variables we shall 

use lower-case Roman letters from near the end of the alphabet. 

The identity symbol =. 

The connectives ¬, Ø, Ù, ­, and ª. 

The quantifiers " and $. 

Parentheses (, ) for punctuation. 

 

Terms: 

1. A variable is a term. 

2. An n-place function symbol followed by n terms is a term (in particular any 

constant is a term). 

3. (closure condition): nothing is a term except as determined by (1) and (2). 

 

Atomic wffs: 

1. An n-place predicate followed by n terms is an atomic wff (in particular any 

sentence letter is an atomic wff). 

2. The identity symbol flanked by two terms is an atomic wff. 

Any occurrence of a variable in an atomic wff is free.  

 

Wffs: 

1. Every atomic wff is a wff. 

2. If j,y are wffs, so are ×j, jØy( ), jÙy( ), j­y( ), and jªy( ).1 
Occurrences of free variables stay free. 

3. If jn() is a wff in which n occurs free, then "njn() and $njn() are wffs, 

in which all occurrences of n are now bound (but other free occurrences of 

variables remain free). 

4. (closure condition): nothing is a wff except as determined by (1), (2) and (3). 

 

                                                 
1
 Technically speaking I should be putting these in corners to show Iôm mentioning 

rather than using them, but I omit these for clarity. 
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In practice we shall omit outer parentheses and also parentheses in repeated 

applications of Ø and Ù. We also omit further parentheses by adopting the convention 

that ¬ is stickier than Ø and Ù, which are in turn stickier than ­ and ª. The 

semantic rules below mean that the scope of quantifiers is taken as narrowly as 

parentheses allow, so, for example, "xFx­×PÙFa means 

"xFx( )­ ×P( )ÙFa( ). 
 

A wff with no free variables is a closed wff or sentence. 

 

 

Semantics 
 

An interpretation  of a first-order language (sometimes called a structure for the 

language) is given by specifying a non-empty set D, the domain of the 

interpretation, together with a function which: 

to every individual constant assigns a member of the domain 

to every sentence letter assigns one of the values TRUE, FALSE. 

To every n-place predicate letter (n>0) assigns an n-ary relation on D, i.e. a set of 

ordered n-tuples of members of D (in the case of one-place predicates we can take a 

ó1-tupleô to be just an object, so a set of 1-tuples is just a subset of the domain). This 

is called the extension of the predicate. 

To every n-place function symbol (n>0) assigns an n-ary operation on D, i.e. a 

function on D
n
 into D, i.e. a function taking any ordered n-tuple of members of D to 

a member of D. 

 

An assignment of values to variables for an interpretation is a function which 

assigns to every variable a member of D.  

The denotation t of a term t under an interpretation and at an assignment is 

defined recursively by: 

 

1. If t is an individual constant, t is the member of the domain assigned to 

that constant by the interpretation. 

2. If t is an individual variable, t is the member of the domain assigned to that 

variable by the assignment. 

3. If t is of the form js1...sn  with j an n-place function symbol and the si  

terms, then t is the member of the domain which results from applying the 

function assigned by the interpretation to j to the n-tuple s1 ...sn . 

 

The truth value of a wff under an interpretation and at an assignment A is defined 

recursively by: 

 

1. The truth value of a sentence letter is that assigned to it under the 

interpretation. 

2. An atomic wff of the form js1...sn  with j an n-place predicate and the si  

terms is TRUE if the n-tuple s1 ...sn  belongs to the extension of j, and is 

otherwise FALSE. 
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3. The truth value of an atomic wff of the form s=t is TRUE if s is the same 

member of the domain as t, and otherwise FALSE. 

4. The truth value of a wff built up by connectives (clause 2 of the syntax 

above) is determined by the truth values of its constituents as in propositional 

logic. 

5. "njn() is TRUE if jn() is true at every assignment which differs from A, if 

at all, only in what it assigns to n, and otherwise FALSE. 

6. $njn() is TRUE if jn() is true at some assignment which differs from A, if 

at all, only in what it assigns to n, and otherwise FALSE. 

 

For a given interpretation, these rules in general only assign a truth value to a wff 

relative to an assignment of values to variables, but it should be clear that this truth 

value depends only on what the assignment assigns to the free variables of the wff. 

(What gets assigned to variables which donôt occur in the wff never has any effect, 

and the rules for " and $ obliterate the effect of what is assigned to bound variables.) 

Thus the truth value of a closed wff (sentence) is independent of the assignment, and 

we can simply say that the sentence is TRUE or FALSE under the interpretation. An 

open wff (one with free variables) will in general be true for some assignments and 

false for others, but should it be true under a given interpretation for all assignments 

we shall allow ourselves to say that it is true full stop. 

 

Let G be a set of sentences. An interpretation under which every member of G is true 

is said to satisfy or be a model for G. G is satisfiable if some interpretation satisfies 

it and otherwise unsatisfiable. [If G has only has one member, G={f}, then we say 

that f is satisfied/satisfiable/unsatisfiable.] 

 

A sentence which is satisfied by all interpretations is said to be a logical truth . 

 

An unsatisfiable sentence is called a logical falsehood or contradiction. 

 

Let G be a set of sentences and f a sentence. G entails f, or the argument from 

premises G to conclusion f is valid iff every model for G is a model for f. We use 

the symbol |=, to report entailment: G |=  f,  and to report that f is a logical truth we 

simply write |= f. Two sentences f, y which are true under exactly the same 

interpretations,  i.e. such that f |= y and y |= f, are said to be logically equivalent 

and we report logical equivalence thus: f  =| |= y. 

 

 

Comparison with Jeffrey 
 

Jeffrey spreads the syntax of first-order logic over §§3.5, 4.5, the first page of chap. 5 

and §6.1, but his version is essentially the same as ours. 

 

Jeffrey spreads the semantics over §§3.9, 3.10, 5.6 and 6.2. He uses a slightly 

different account of the quantifiers (see p. 51 rules 6a and 6b) ð in effect he says 

that "njn()  is true under an interpretation iff however we extend that interpretation 

to a new name n, jn() comes out as true (where of course jn() is the result of 

replacing the free variable n by the name n in jn(). 
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Other usages 
 

Should you look at other books, be warned of the following: 

 

Some authors use |= not as we do to mean óentailsô but rather to mean óis a model forô 

and write À |= f  to mean the interpretation À is a model for the sentence f . And 

some people use it both ways, hoping that you will pick up from context which way 

is meant. 

 

I have only defined entailment and related notions for sentences. The definitions can 

be extended to wffs with free variables, but there are two ways of doing this. Some 

books define a set of wffs G to entail a wff f  iff for every interpretation under which 

all the members of G are true f  is also true (remember an open wff counts as true 

under an interpretation only if it is true under all assignments, in other words only if 

its universal closure is true), whereas other books define a set of wffs G to entail a 

wff f  iff for every interpretation and assignment under which all the members of G 

are true f  is also true. Using the first definition we have Fx|= Fy, indeed Fx |= "yFy, 

but using the second Fx |= Fx but ¬(Fx |= Fy). 

 

 



V7BFL2 Formal Logic 2 

22 

 

4. Soundness, Completeness, Compactness 
 

Our logical system will consist of the language of section 3 plus the tree rules for proof.  

This section assumes basic familiarity with the tree method, but if youôre not yet 

familiar with it, donôt panic!  There will be a whole class introducing this method of 

proof, and everything you need to know will be available in the slides, which (as 

always) will be posted on WebCT. 

 

Notation: 

G |= f: the set of premises G entails the conclusion f ð i.e. every model for G is a model 

for f. 

G |- f: the conclusion f  is derivable from the set of premises Gð i.e. the tree rules 

enable us to prove f  from Gð i.e. the tree from GÇ ×f{ } closes. 

 

To say that the tree rules are sound is to say that if G |- f then G |= f: if our tree rules 

allow us to prove a conclusion from premises then it really does follow from them. 

To say that the tree rules are complete is to say that if G |= f then G |- f: if a conclusion 

is entailed by premises then the tree rules allow us to prove this. 

We also prove that first-order logic has the compactness property: if G |= f then for 

some finite subset D of G we already have D |= f. 
 

Note that G |= f iff GÇ ×f{ } is unsatisfiable, so: 

 

Soundness amounts to: if a tree closes its root was unsatisfiable. 

Completeness amounts to: if a tree doesnôt close its root is satisfiable. 

Compactness amounts to: If an infinite set of sentences is unsatisfiable, then so is some 

finite subset (or, counterposing: if every finite subset of a set of sentences is satisfiable, 

then so is the whole set). 

 

For simplicity, in the proof that follows weôll assume that the only logical symbols in 

the language are ¬, Ø, " and =. (Extension of the proof to the remaining symbols Ù, ­, 

ª, $ presents no extra challenges.) 

 

We use f, y to range over wffs, n  over variables, a over individual constants, and s, t 
over closed terms (i.e. individual constants or terms built up from them using function 

symbols). 

 

Our tree rules are: 

 1      2     3     4             5                   6                 7                8            9 

¬f      ¬ Ű = Ű     ¬¬f      fØy    ×fØy( )     ×"nfn()    "nfn()      s=t        s=t 

 f          ð          ð     ð              ð               ð                ð       ft()           fs() 

ð          ³           f     f         /       \          ×fa() ft()       ð                ð 

³      y         ¬f          ¬y                    fs()            ft() 
 

In rule 6 (our version of the rule for $) a  is to be a new individual constant. Rules 3-6 

are only applied once to their leading wff which is then checked off, whereas rules 7-9 

can be multiply applied. 

 



Module information 

23 

 

For our soundness proof we need truth to be preserved running down (a branch of) the 

tree. In the case of rules 3, 4, 7, 8 and 9 if the premises of a rule are true, then so is what 

gets written below it; for rule 5 if the premise is true so is what gets written below it on 

at least one branch, and for rule 6 if the premise is true then there is an interpretation of 

the expanded language (new individual constant) making what gets written below it 

true. 

 

For our completeness proof we need truth to be preserved running up (a branch of) the 

tree. In the case of rules 3, 4 and 6 if the wffs under óðô are true then so is the wff 

above óðô; in the case of rule 5 if what is written in either branch is true then so is what 

lies above. Rules 8 & 9 are slightly different in that itôs not strictly speaking óupwardsô 

but rather upwards in terms of logical complexity: if the atomic wffs=t is true then if 

either of the wffs below it is true then so is the other. The tricky case is rule 7: if every 

object in the domain of discourse has a name and it has been applied to every name then 

the totality of results thus produced bring with them the truth of the original universal 

quantification. 

 

Proof of soundness (relatively easy): If there is an interpretation making the root of the 

tree all true, then each application of one of the rules 3-9 preserves that fact for at least 

one branch. But a closed branch cannot be true, so if the whole tree closes there cannot 

have been an interpretation making the root true. 

 

Proof of completeness (quite a lot more difficult): 

 

If the tree does not close then either the tree finishes with a finite open branch or the 

Write the denial of the 

conclusion 

apply the rules 3, 4, 5, 8, 9 

for truth functions and 

identity as often as possible 

apply rule 6 (existential 

quantifier) as often as 

possible 

apply rule 7 (universal 

quantifier) as often as 

possible, but using only 

closed terms with at most n 

function symbols if this is 

the nth time round 

add a premise to the root 

if there is still one to add 
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tree goes on for ever with (Kºnigôs lemma) an infinite open branch. We need to 

construct from that branch an interpretation satisfying all the wffs on it (and thus all the 

wffs on the root). To guarantee a branch which achieves this, we use the tree rules via 

the following flowchart  

(adapted from Jeffrey p. 91, but modified to allow for the case of perhaps infinitely 

many premises f1,f2,f3, ...so that we get the compactness result as well). 

 

The idea is that we keep on going round the loop until either (1) the tree closes or (2) 

there are no further moves to be made (in particular all the premises have been used, no 

new individual constants are being created by rule 6 and there are no function symbols 

so rule 7 is exhausted as well) ð in that case we have a finite completed open branch or 

(3) we go on for ever, thus having an infinite open branch. We now show how an open 

branch determines a model in which every wff on it (and thus every wff in the root) is 

true. 

 

Note that at any stage of construction the tree is finite, so each journey round the loop 

only takes finitely many steps (the restriction on the application of rule 7 guarantees 

that). But note also that since we keep going round, every premise eventually gets 

added, every wff on the open branch eventually gets the appropriate rule applied to it, 

and in the case of a universally quantified wff, for every closed term, rule 7 eventually 

gets applied to that wff for that term. 

 

We now (1) produce a model making every atomic wff on the open branch true and (2) 

show that if every atomic wff on the branch is true, then every wff on the branch is true. 

 

We are going to define a model in which (1) any atomic formula which occurs in the 

branch is true, and every atomic formula whose negation occurs in the branch is false, 

and (2) every object in the model is denoted by a closed term appearing in the branch. 

We can then argue by an induction on the logical complexity of wffs that every wff on 

the branch is true: 

 

If ××f occurs, then rule 3 has been applied to it, thus f occurs, is (induction 

hypothesis) true, so ××f is true. 

If fØy occurs, then rule 4 has been applied to it, thus both f and y occur and are 

(induction hypothesis) true, so fØy is true. 

If ×fØy( ) occurs, then rule 5 has been applied to it, thus at least one of ¬f and ¬y 

occurs and is (induction hypothesis) true, so ×fØy( ) is true. 

If ×"nfn() occurs then rule 6 has been applied to it, so for some constant a, ×fa() 
occurs and is (induction hypothesis) true, so ×"nfn() is true. 

If "nfn() occurs then for every closed term t   rule 7 has given ft(), and these are 

(induction hypothesis) all true. But since every object in the domain is denoted by a 

closed term, that means "nfn() is true. 

 

The construction of the model in which all closed terms denote and all atomic wffs get 

the right truth values is complicated by the presence of function symbols and identity. 

Jeffrey defines an interpretation on the domain of (nonzero) natural numbers and the 

description of it on pp. 92-3 is a bit unclear. The model I shall define has as its domain a 

class of sets of closed terms of the language.  



Module information 

25 

 

 

Consider the set of all closed terms which occur on the branch. And consider the 

relation which holds between every term and itself, and also between the terms s and t 
iff s=t or t=s occurs on the branch. This is easily seen to be an equivalence 

relation. (Transitivity is guaranteed by rules 8 and 9, e.g. if s=t and t=r are there, 

rule 8 will have given s=r.) We shall take the equivalence classes generated by this 

relation to be the objects of our domain, and interpret the function symbols in such a 

way that each term denotes the equivalence class to which it belongs. Call the 

equivalence class to which t belongs t[] and stipulate that: 

 

Each individual constant a is to be interpreted as denoting a[]. 

The n-ary function symbol c is to be interpreted as taking t1[],...tn[] to ct1,...tn( )[ ]. 
(The second of these stipulations is unambiguous because rules 8 and 9 guarantee that if 

s1[]=t1[], ... sn[]=tn[], then cs1,...sn( )[ ]=ct1,...tn( )[ ].) 
 

Note that these stipulations make every atomic wff of the form s=t true iff it occurs 

on the branch (so if  ¬ ů = Ű occurs it will be true too, since, the branch being open, 

s=t cannot occur). 

 

Now interpret each n-ary predicate letter p as true of exactly those t1[],...tn[] such that 

pt1, ...tn  occurs on the branch. Again the stipulation is unambiguous because of rules 8 

and 9, and now every atomic formula is true iff it occurs on the branch, and any 

negation of an atomic formula which occurs on the branch is also true. We are done. 

 

We have shown that the tree closes iff the conclusion is entailed by the (perhaps 

infinitely many) premises. But of course if the tree does close, it closes after some finite 

number of steps, and thus after only finitely many premises have been used. Thus 

anything that follows from an infinite set of premises already follows from some finite 

subset, which is compactness. 

 

An example may help to see how a model is constructed from an open branch. 

Suppose we try to prove "xGfx  from the premises "x ffx=a and Ga. We will fail; 

the tree does not close, and we get an infinite open branch: 

 

"x ffx=a 

Ga 

×"xGfx  

×Gfb  

ffa=a  

ffb=a  

Gffa 

Gffb 

ffb=ffa  

fffa=a 

fffb=a 

                                             fa=a   [from fffa=a and ffa=a] 
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Gfa 

Gfffa 

Gfffb 

: 

For every nÓ0 we eventually get f n+1a=a , f n+2b=a , Gf na  and Gf n+2b . For the 

objects in the domain of our model we thus take the equivalence classes: 

 

b[]= b{} 

fb[]= fb{} 

a[]= a, fa, ffa, fffa,..., ffb, fffb, ffffb,...{ }. 
 

We interpret f as a function taking [b] to [fb], [fb] to [a] and [a] to [a], and we 

interpret G as being true of [a] but false of [b] and [fb].  Thus we get the following 

model, in which the arrows indicate the interpretation of f and the circle the 

interpretation of G: 

           

[b] [fb] [a]

 
It should be clear that in this model all the formulae on the branch ð i.e. in this case 

the tree ð are true. 
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5. Categoricity 
 

A (first or second order) logical language is determined by giving a set of individual 

constants, predicates and function symbols. Thus for example, the appropriate 

language for second-order Peano arithmetic is the second-order language with the 

constant ó0ô and the unary function symbol ósô, and the appropriate language for first-

order Peano arithmetic is the first-order language with the constant ó0ô, the unary 

function symbol ósô, and the two-place function symbols  ó+ô and ó³ô. (It will not 

come into this course, but the appropriate language for set theory is the first order 

language with the two-place predicate óÍô.) 

 

A set of sentences in a given language is said to be categorical if it determines up to 

isomorphism a unique model, i.e. if any two models for the set are structurally 

identical. (Of course itôs only óup to isomorphismô, because the set of sentences canôt 

determine what is being talked about, but only the pattern of functions and relations 

on the domain.) More rigorously: two models M and M* with domains D and D* 

respectively are isomorphic iff there is a bijection h: D Ÿ D*; x ̊Ÿ x*, such that: 

 

¶ If an individual constant denotes x under M, then it denotes x* under 

M*. 

¶ An n-place predicate is true of x1,...xn  under M iff it is true of 

x1*,...xn *  under M*. 

¶ If an n-place function symbol is interpreted as taking x1,...xn  to y 

under M, then it is interpreted as taking x1*,...xn *  to y* under M*. 

 

Second-order Peano Arithmetic is categorical. This should be obvious from our 

discussion of the axioms (they were devised to give precisely this result), but for 

anyone who wants it, letôs give the outlines of a proof. Take two models M and M* 

for the axioms with domains D and D*, let the referent of ó0ô under M be Ø and 

under M* be Ø*, let ósô be interpreted as f :D­D under M and as f*:D*­ D* 

under M*, and define h: D­D* by the stipulations: 

 

1. h Ø()=Ø* 

2. For all x in D, h f x()( )=f * h x()( ) 
 

 

Å   Ÿ̊   f(Å)  Ÿ̊   ff(Å)) é 

  _    _               _     

 ® h    ® h       ® h 

 

Å*    Ÿ̊   f* (Å* ) Ÿ̊   f* (f* (Å*)) é  

 

Then: 

By the fourth Peano axiom (zero is not a successor), applied to M, h is uniquely 

defined for Ø (clause 2 canôt apply to a non-successor). And by the third Peano 

axiom (the successor function is injective), if h is uniquely defined for a ónumberô of 

M then h is uniquely defined for that numberôs successor. Thus (induction axiom) h 

is uniquely defined for every ónumberô of M, i.e. on the whole of D. 
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By the fourth Peano axiom applied to M*, h sends a unique member of D to Ø*, and 

by the third, if h sends a unique member of D to y then it sends a unique member of 

D to f * y(): by the induction axiom it thus sends a unique member of D to every 

member of D*. 

 

Thus h is a bijection, and from its definition it is trivial that it preserves zero and 

succession. 

 

Since second-order arithmetic is categorical a sentence true in any model is true in all 

models. We shall say that a sentence of arithmetic is true iff it is true in the (up to 

isomorphism unique) model defined by second-order Peano arithmetic. (We can 

apply this definition of ótrueô to sentences of first-order arithmetic as well, since for 

any such óstandardô model of arithmetic there will be only one interpretation of ó+ô 

and ó³ô which makes the recursion equations for them come out as true.) 

 

Now we come to the main point: 

 

First -order Peano Arithmetic is not categorical 
 

Add to the language of first-order PA a new individual constant ócô and adjoin the 

following infinite set of new axioms: 

' c 0̧' , ' c ş0' , 'c şs0' , ' c şss0' , 'c şsss0' .... Then (surprisingly) the expanded 

system is still consistent. For by compactness, if it were unsatisfiable/inconsistent, 

then so would be some finite subset. But: the set of all the axioms of PA plus any 

finite subset of the new axioms is satisfiable in the standard model: just interpret c as 

any number that it is not said in the finite set not to be. So the whole expanded 

system is satisfiable. Clearly any model for the expanded system is nonstandard (for 

c must be interpreted as an object differing from every ógenuineô natural number). 

But equally obviously any model for the expanded system is also a model for PA. PA 

thus allows non-standard models, models with extra rubbish beyond the ógenuineô 

natural numbers. The axioms of PA do not determine a unique structure. 

 

This is not the fault of the particular axioms we have chosen, however. Indeed the 

above argument goes through if we adjoin our new axioms not just to PA but to the 

set of all first-order arithmetical truths. There are non-standard models in which 

every truth of arithmetic expressible in first-order logic is still true. 

 

In showing that first-order PA is not categorical, we have thus not shown that it is 

incomplete. Some definitions: a first-order theory is a set of sentences in some first-

order language which is closed under entailment, i.e. which contains all its 

consequences. (In virtue of the completeness theorem for first-order logic it doesnôt 

matter here whether we refer to entailment or derivability). Any set of axioms 

determines a theory, namely the theory consisting of all the consequences of the 

axioms. A theory is complete if it decides everything which can be expressed in the 

language, i.e. if for every sentence of the language, either that sentence or its 

negation belongs to the theory. Clearly the set of all truths of first-order arithmetic is 

a complete theory, even though it is not categorical. And for all we know so far, first-

order PA may be this complete theory. (In fact it isnôt: there will turn out to be true 
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sentences of arithmetic which do not follow from the axioms of PA, but to prove that 

we shall have to prove Gºdelôs theorem.) 
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6. Primitive recursive functions 
 

We start by defining a class of functions, the primitive recursive  functions, which 

is, roughly speaking, the class of all those functions whose definition can be given in 

the style of the recursion equations for addition and multiplication. Any arithmetical 

function which one encounters in practice will belong to this class. We shall see that 

just as the recursion equations for addition and multiplication give an obvious (if 

tedious) procedure for calculating sums and products, so the definitions of these 

functions will generate procedures for calculation. However, we shall then show that 

the primitive recursive functions do not exhaust the class of mechanically 

computable functions. 

 

We start with certain very simple primitive functions, and then give two rules for 

defining new functions in terms of old ones. 

 

Weôll take the successor function and the zero function which takes every number to 

zero: z x()=0. We shall need functions of more than one variable; for basic 

bookkeeping with these we shall need the projection functions, i.e. for all nÓ1 and 

1ÒkÒn a function pk

n
 defined by the equation pk

n
x1, ... xn( )=xk  [Instead of writing 

x1,», xn weôll sometimes write x as óvectorô notation for a string of variables, whose 

length can usually be left unspecified.] 

. 

We can form new functions by composition from functions already introduced: if g 

is a well-defined m-ary function and f1,» fm  are well-defined n-ary functions, then 

we can define the n-ary function h by h x1,»,xn( )=g f1 x1,»,xn( ),», fm x1,», xn( )( ). 
It is clear that the calculation of h always terminates; to calculate h x() we first 

calculate all the fi x() (and we know they terminate) and then feed the results into g 

(and we know it terminates).  

 

In particular, this already gives us all the constant functions, e.g. the function which 

takes every number to 1 is defined by f x()=s z x()( ). 
 

Our principal method of building up new functions, however, is by primitive 

recursion: 

 

For n²0, f an n+2-ary function and g an n-ary function, define the n+1-ary function 

h by: 

 

h x,0( )=g x()

h x,sy( )=f x, y,h x, y( )( ).
 

 

h is said to be defined from f and g by primitive recursion. A function is primitive 

recursive if it is definable from zero, successor and projection functions by finitely 

many compositions and primitive recursions. Thus, for example, in our present 

notation addition is defined by: 
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+x,0( )=p1

1 x()

+x,sy( )=sp3

3 x, y,+x, y( )( ).
 

 

A relation R x() is primitive recursive if its characteristic function: 

 

cR x()=
0 if R x()     

1 otherwise

ë 
ì 
í 

 

 

is primitive recursive. [Note: I am here following logiciansô practice of using 0 for a 

positive result and 1 for a negative one; other mathematicians usually do it the other 

way round.] 

 

The primitive recursive functions are, loosely speaking, those computable functions 

where it is relatively straightforward to see that their computation eventually 

terminates. Indeed, FACT: there is an interesting alternative characterization of the 

primitive recursive functions as those functions which can be calculated (by a 

program in a language like Pascal or C, say) using FOR loops, but no WHILE or 

REPEAT UNTIL loops (so for any loop there is a bound we can see in advance to 

how many times we will have to go round it). 

 

But not every computable function is primitive recursive. Consider an infinite list 

consisting of all definitions of unary primitive recursive functions, laid out, say, in 

dictionary order. Call the function defined by the nth definition fn . Now define a 

new function f by the stipulation: 

f x()=fx x()+1. 

 

f is clearly computable: to compute it for argument x we construct our list of the p.r. 

functions as far as the xth, apply the xth function to the argument x and then add 1. 

But f cannot be a function which occurs on our list, since for every x it differs from 

the xth function on the list in what it assigns to x. 

 

This argument is our first example in the course of what is known as a diagonal 

argument. If we consider a two-dimensional array where the nth row represents the 

nth function and the mth column the values for argument m, the new function is 

constructed from the ódiagonalô: 
f

0
0() f0 1() f0 2() f0 3()

f1 0() f
1

1() f1 2() f1 3()

f2 0() f2 1() f2 2() f2 3()

f3 0() f3 1() f3 2() f3 3()

 

 

We are said to have proved that the primitive recursive functions do not exhaust the 

computable functions by ódiagonalizing out of themô. More generally, the phrase 

ódiagonal argumentô is used for any argument having this sort of structure. Most of 

the great results of mathematical logic, including Gºdelôs theorem, are proved by 

diagonal arguments. 
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At this point I cannot resist a three-page digression which is not essential to the 

course, but fun. Here is another interesting diagonalization out of the class of p.r. 

functions. Consider the sequence of functions: addition (repeated successor), 

multiplication (repeated addition), exponentiation (repeated multiplication), 

superexponentiation (repeated exponentiation) é.  

 

f0 x,y()=x+y f0 x,0( )=x, f0 x,sy( )=sf0 x,y()[ ]

f1 x,y()=x³y f1 x,0( )=0, f1 x,sy( )=f0 x, f1 x,y()( )[ ]
f2 x,y()=x

y
f2 x,0( )=1, f2 x,sy( )=f1 x, f2 x,y()( )[ ]

f3 x,y()=x

x

x

x

û 

ü 

î 
î 

ý 

î 
î 

y times

f3 x,0( )=x, f3 x,sy( )=f2 x, f3 x,y()( )[ ]

 

 

These functions form the Ackermann hierarchy. Each such function is primitive 

recursive, being defined by primitive recursion from the one before. It is relatively 

easy to prove that the functions are all monotonically increasing in both variables, 

and each increases faster than its predecessor. It is less obvious, but still not really 

surprising, that (FACT:) any particular primitive recursive function h is eventually 

outstripped by some member (and thus all further members) of this hierarchy, in the 

sense that $n$x "y²x( )h y, y, y,»( )<fn y, y( ). (The proof is by induction on the 

definition of h.) 

 

We can now collapse this infinite sequence of binary functions into a single ternary 

function a defined by a n,x,y( )=fn x,y(). This is the Ackermann function. Clearly, 

for any primitive recursive function h, a outstrips h in the sense that 

$z"y²z( )h y,y,y,»( )<a y,y,y( ) (just take z to be the maximum of x and n in the 

previous result). Thus a cannot itself be primitive recursive, but a is effectively 

computable, and the computation always terminates (to calculate a n,x,y( ) just 

calculate fn x,y()). Although a is not primitive recursive, its definition can easily be 

given by a set of recursion equations: 

 
a 0,x,0( )=x

a 1,x,0( )=0

a 2, x,0( )=1

a n+3,x,0( )=x

a 0,x,sy( )=sa 0,x, y( )

a sn, x,sy( )=a n,x,a sn, x, y( )( ).

 

 

They are a little bit messy because of the different starting points for the first three fi  

( x+0=x, x³0=0x
0
=1), but the crucial equation is the last, which involves a kind 

of nested recursion not reducible to primitive recursion. 

 



Module information 

33 

 

I have introduced the Ackermann function because it was historically the first 

computable function proved not to be primitive recursive. But in fact the variable x 

in the above is not doing much work, and we can define by a simpler nested 

recursion a binary function p, the Péter function, which, like the Ackermann 

function, outstrips every primitive recursive function: 

 

p 0,y()=sy

p sx,0( )=p x,1()

p sx,sy( )=p x,p sx,y( )( ).
 

 

The Péter function can also be thought of as arising from a hierarchy of ever more 

rapidly increasing primitive recursive functions, namely we define g0  to be the 

successor function, and then define each further function in the hierarchy by 

primitive recursion from the preceding one by gsn 0()=gn 1(), gsn sy()=gn gsn y()( ). 
p x,y() can now be defined as gx y(). This again gives us a procedure for calculating 

p n,m( ) via the recursion equations for gn m() ð a procedure in principle of course, 

since the numbers soon become unfeasible. The first few gi  come out as: 

g0 y()=sy

g1 y()=y+2

g2 y()=2y+3

g3 y()=2
y+3
-3

g4 y()=2

2

2

2

û 

ü 

î 
î 

ý 

î 
î 

y+2( ) times

-3

 

 

so that we already have g5 0()=g4 1()=65533 and g4 2()=2
65536
-3, a number of 

grotesque proportions. 

 

Let us prove directly from the recursion equations that the calculation of p x,y() 
always terminates. Abbreviate óthe calculation of p x,y() terminatesô as F x,y(). 
From the three defining equations for p we get the following premises for our proof: 

 

1[]F 0, y( )

2[]F x,1( )­ F sx,0( )

3[]F sx, y( )ØF x, p sx, y( )( )( )­ F sx,sy( ).

 

 

Lemma: "yF x,y()­"yF sx,y(). Proof of lemma: For fixed x, assume "yF x,y(), 
and we shall prove "zF sx,z( ) by induction on z. From "xF x,y() we get F x,1() and 

thus by [2] F sx,0( ). If F sx,z( ), then p sx,z( ) is a well defined number, so from 
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"yF x,y() we get F x,p sx,z( )( ), [3] thus gives us F sx,z( )­F sx,sz( ). By induction 

now "zF sx,z( ). 
 

Main proof: From [1] we have "yF 0,y(). From the lemma "yF x,y()­"yF sx,y().  
Thus by induction "x"yF x,y(). 
 Let us give ourselves a picture. Think of the possible arguments x,y() of the 

Péter function laid out in a two-dimensional grid in the usual way. Calculation from 

an argument of the form 0,y(), i.e. a point on the y-axis, is immediate by [1]. 

calculation from an argument of the form sx,0( ), i.e. a point to the right of the y-axis 

but on the x-axis, requires by [2] prior calculation of x,1(), i.e. the point on the 

column to the left immediately north-west of it. Calculation from any other argument 

sx,sy( ) requires by [3] prior calculation both from the argument immediately below 

it, sx,y() and from an argument x,p sx,y()( )somewhere on the column to the left (just 

where determined by the calculation from sx,y()). 
 

 

Essentially, we need to be able to see that 

wherever we start from, the tree of branching 

arrows (always going downwards or up-and-

left) has only finitely many finite paths, each 

ending on the y-axis. 

 

 Here is now a more informal version 

of the proof above. For every point on the 

left column ( x=0) the calculation terminates 

(here we are calculating g0 ). But now for the 

first point on the row x=1 the calculation 

terminates (since it terminates for the point 

north-west of it on the left column), and for 

any point on the row x=1 if the calculation 

terminates for it, then it terminates for the 

next one (which requires it and some point 

on the left column). Thus by induction the 

calculation terminates for every point on the 

column x=1 (i.e. the calculation of g1 

always terminates). By a similar induction 

we now prove that the calculation terminates 

for the column x=2, and so on. After n such 

inductions weôve proved that the calculation 

terminates for the column x=n, i.e. that the 

calculation of gn  always terminates. Thus for 

any n we can see that the calculation 

terminates for every point on the column x=n, in other words it terminates 

everywhere. 

 

         

0 1  2   3

7
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As weôve seen, the Péter function goes up very fast, and so does the number of steps 

needed to compute it ð e.g. the computation of p 2,2( )=7  already takes 27 steps. If 

you know a programming language, you might like to test the limits of your 

computing hardware by writing a programme that computes it and then applying it to 

even quite small numbers. 

 

After this digression on the Ackermann and P®ter functions, letôs return to our main 

thread. We showed that the primitive recursive function were not all the computable 

functions by diagonalizing out of them. Now this would seem to provide a problem 

for any attempted general definition of ócomputable functionô. It would seem that 

once we have a putative definition, we need only apply diagonalization to that 

definition to show that the class of functions so defined does not embrace all the 

computable functions. 

 

To avoid this, weôll have to give a definition to which diagonalization does not 

apply. And to do that, what weôll do is so define ócomputable functionô that whether 

or not a function is computable is not itself computable. More precisely: weôll define 

a class of computational procedures where in general we will be unable to see 

whether a computation terminates or not, and we will say that if the computation 

terminates it defines a computable function. This we do by the celebrated notion of a 

Turing machine. 
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7. Turing Machines 
 

Consider a mindless clerk/schoolboy doing computations, and try replacing him by a 

machine. We can think of the clerk as manipulating calculations on paper. These 

calculations may be carried out by the use of any variety of symbols, but in principle 

whatever the clerk could do with these symbols he could presumably also do ð 

though no doubt less efficiently ð with their translation into morse code. So let us 

restrict him to a two-letter alphabet ð say the symbols 0 and 1. The clerk uses two-

dimensional paper, but it can be no more than a nuisance if we restrict him to writing 

the lines of his calculation after one another in one long stream, thus making him 

work forwards and backwards on a tape rather than up and down on a scroll. We 

shall not, however, want to limit the amount of scratch paper available, for though 

any particular calculation will only use a finite amount, the amount of paper 

necessary for calculating, say, n ̊Ÿ n
2
 will increase indefinitely with n. However, the 

clerkôs instructions on what to do during his calculations must be finite. Thinking 

along these lines, a clerk computing a particular computable function may be 

replaced by a turing machine, defined as follows. 

 

The ópaperô becomes a tape divided into discrete cells, each of which bears either the 

numeral ó1ô or the numeral ó0ô. (If you like, think of a cell with ó0ô as blank.) The 

tape is (potentially) infinite in both directions. At the beginning of the calculation the 

whole tape is blank except for a section coding the input for the calculation ð i.e. 

the argument of the function. Let us code the number n by n+1 successive 1ôs (n+1 

because we want to allow for n = 0). For a function of m arguments x1,...xm  we could 

code the input as x1+1 1ôs followed by a 0 followed by x2 +1 1ôs followed by a 0 

é . The machine has a read/write head which at any moment scans one cell of the 

tape. At the beginning of the calculation let it be scanning the leftmost ó1ô of the 

input. The machineôs activity is governed by its set of instructions. At any moment 

the machine is in one of a finite number of states q0 ,...qn , and scanning either a cell 

with a ó0ô or a cell with a ó1ô. It can do one of four things: 

0) Erase the cell it is scanning and print ó0ô 

1) Erase the cell it is scanning and print ó1ô 

2) Move one cell to the left 

3) Move one cell to the right. 

We assume that the machine starts in state 0. Each instruction in the machine's 

instruction set is of the form: óif you are in state qi  and scanning a cell with a é, 

then perform action number é and go into state qjô. Thus the machine moves up 

and down along the tape, printing and erasing 1ôs and 0ôs, until it finds itself in a 

state and scanning a cell for which it has no instructions. Then it stops. Let us regard 

the machine as giving the output n if when it stops it stops on the leftmost of a 

sequence of n +1 1ôs. The machineôs instruction set can be given as a ómachine 

tableô: a list of quadruples of numbers qi ,c,a,qj  where cÍ0,1{ } and aÍ0,1,2,3{ }. 

We assume that the instructions are unambiguous in the sense that for each possible 

value of qi , c there is at most one quadruple qi ,c, ..., ... . Thus, for example, here is a 

machine table for a machine to compute addition, together with óbeforeô and óafterô 

pictures for the computation of 2 + 3: 
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The machine starts in state 0 finding a 1. It stays in state 0 moving rightwards until it 

finds a 0, which it replaces with a 1, going into state 1. It then returns leftwards until 

it again finds a 0, whereupon it moves back one step to the right and goes into state 

2. It replaces the 1 it is now on by 0 and again moves one step to the right going into 

state 3. Again it replaces a 1 by 0, moves to the right and goes into state 4. Being 

given no instructions for what to do in state 4 it stops. 

 

For a given input, a machine either after a finite amount of calculation produces an 

output, or fails to produce output. (It could fail in two ways, either by stopping with 

the read/write head not on the leftmost of a sequence of 1ôs, or by going on for ever.) 

Thus any machine computes a function defined for those inputs for which it gives 

output. A machine which produces output for any n-tuple of numbers whatever as 

input computes a total (n-ary) turing -machine-computable function. A machine 

producing outputs for only some n-tuples of input (or for none at all) computes a 

partial  (n-ary) turing -machine-computable function. 

 

It is not difficult to show that all the primitive recursive functions are turing-

machine-computable. (The proof is just a matter of designing turing machines for 

computing the initial functions (zero, successor, projections), giving a procedure for 

combining simpler turing machines into more complex ones corresponding to the 

composition of functions, and showing how a turing machine can imitate the 

calculation of a function defined by recursion. [To calculate f y(), the machine 

calculates f 0() and then goes y times through a loop that calculates f n+1( ) from 

f n().] But not only the primitive recursive functions are turing-machine-computable 

ð it can be shown for example that the function we defined by diagonalizing on the 

p.r. functions, though not itself p.r., is computable by a turing machine. 

 

Can we by a similar diagonal argument get an effectively computable function which 

is not turing-machine-computable? No, we cannot. There is no difficulty in 

effectively enumerating all possible turing machines ï e.g. in lexicographical order 

of their machine tables. If fn  is the function computed by the nth machine, we can 

define a new function by f x()=fx x()+1. But this time the function f can be 

computed by a turing machine ð say the kth machine. We donôt get the 

contradiction fk k()=fk k()+1 because fk  turns out not to be defined for the 
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argument k: remember that in general a turing machine computes only a partial 

function. Nor can we thin the list of turing machines down to one which contains 

only those machines which compute total functions, for the function which, given the 

number of a turing machine, gives the value 0 if the machine computes a total 

function and 1 otherwise is not itself a turing-machine-computable function (we shall 

prove this in due course as the óunsolvability of the halting problemô). Thus the sort 

of diagonal argument we used to show that the primitive recursive functions were not 

all the effective functions cannot be applied to the wider class of turing-machine-

computable functions. 

 

 

Churchôs Thesis and General Recursive Functions 

 

Of course the possibility remains that someone will come up with a function which is 

intuitively effectively computable but not turing-machine-computable.  (NB: in a 

sense this is probably impossible: assuming thereôs no such function, that fact is no 

mere contingency. But philosophers often distinguish between alethic possibility, i.e. 

genuine possibility, and epistemic possibility, i.e. possibility-for-all-we-know. The 

latter is whatôs intended here.) However it is unlikely that this will ever be done. 

Firstly, no-one ever has. Secondly, a variety of different definitions of óeffectively 

computable functionô have all turned out to pick out the same class of functions as 

the definition by turing machine does. For example, the definition of a turing 

machine can be varied quite a lot without affecting which functions are computable. 

Using different codings for inputs and outputs, or an alphabet of more than two 

symbols, or a multidimensional arrray rather than a tape, or several read/write heads 

simultaneously all make no difference to which functions are computable. Indeed 

around 1960 it was shown that a class of much simpler machines, known as register 

machines, have the same capacities as turing machines. (Jeffrey uses register 

machines, and for actual calculations and proofs we shall follow him. But it is 

frankly astonishing that such simple machines can perform all possible mechanical 

calculations, hence this digression via Turing.) And other definitions of óeffectively 

computable functionô along quite different lines by Church, Kleene, Gºdel, Post, 

Markov and others all also turned out to be equivalent. In consequence almost 

everyone now accepts Churchôs thesis (sometimes called the Church-Turing 

thesis): that the class of effectively computable functions just is the class of turing-

machine-computable functions. In one direction this is obvious ð every turing-

machine-computable function is effective. In the other direction the (overwhelming) 

evidence is our failure to find counterexamples combined with the equivalence of 

varying definitions. 

 

One particularly important equivalent definition deserves mention here. A function is 

general recursive (or just recursive) if it can be obtained from the initial functions 

of zero, successor and the projections by means of composition, recursion and the 

óleast numberô Õ-operator, by which, given a function f y, x( ), we define a new 

function g x()=my f y,x( )=0 . g x() is the least y such that for all z<y f z,x( ) is 

defined and non-zero while f y,x( )=0 , and if no such y exists is undefined. [Note 

that if g x() is defined we can calculate it by successively calculating 

f 0,x( ), f 1,x(), ...  until we arrive at f y,x( )=0 , but that if it is undefined this 

process will not terminate. So general recursive functions, like turing-machine-
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computable functions, may be partial rather than total.] It can be shown that a 

function is general recursive if and only if it is turing-machine computable. From 

now on we shall simply use the word órecursiveô to pick out the class of turing-

machine-computable functions (or register-machine-computable functions). 

 

Closely related to the concept of a recursive function is that of a recursively 

decidable predicate/relation/set. Again a predicate/relation/set is said to be 

recursive if its characteristic function is recursive. 

 

Churchôs thesis ð the claim that every effective function is recursive ð is used in 

two ways. If we see that a function is obviously effectively computable, we may 

conclude that it is recursive. Such a use of Churchôs thesis saves time but is 

inessential, in the sense that it could always in principle be replaced by specifically 

working out a turing-machine table that computed the function. Contrast when we 

show that a certain function is not recursive and conclude that it is not effective. 

Such a use of Churchôs thesis is essential, in that without it we have no way of 

getting to the claim that a function isnôt effectively computable from the fact that it 

isnôt recursive. We shall be making an essential use of Churchôs thesis in our proof 

that there is no general mechanical procedure for deciding whether or not a given 

conclusion follows from given premises in first-order logic. We shall make 

inessential use of Churchôs thesis in our proof of Gºdelôs theorem. 

 

 

Further reading  
 

If you get interested in computability, here are some suggestions: 

 

George Boolos & Richard Jeffrey - Computability and Logic chaps 1-8 [A splendidly 

clear textbook for philosophers and mathematicians at a level slightly above that of 

Jeffreyôs Formal Logic, its scope and limits] 

 

Hartley Rogers - Theory of Recursive Functions and Effective Computability chap.1 

[The introductory (and thus accessible) chapter of a classic advanced textbook] 

 

Piergiorgio Odifreddi - Classical Recursion Theory chap. 1 [The longer introductory 

chapter of a more recent advanced and encyclopaedic treatment of recursion theory 

in what will eventually be 3 volumes] 

 

R. Gregory Taylor - Models of Computation and Formal Languages chaps 1-8 [a 

recent, elementary but very detailed textbook aimed at beginning students of 

computing science and covering all sorts of definitions of computability over more 

than 400 pages with associated software available on the web] 
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8. Unsolvable problems 
 

Though Turing machines are historically important, we shall follow Jeffrey in 

working with register machines, which are simpler, and compute the same functions. 

A Turing machine has as its (imaginary) hardware the tape and the read/write head, 

and as its software its machine table. A register machine has as its hardware a finite 

number of registers (to name which we shall use capital letters with or without 

numerical subscripts) and as its software a flowchart. 

 

Think of the registers as rubber-bottomed and thus indefinitely extensible pots, into 

which any finite number of stones can be put. And imagine that we have an 

unlimited supply of stones from a nearby and potentially infinite quarry. At the 

beginning of a calculation certain registers contain the input. Weôll call these input 

registers A1,A2
 and so on. Thus for example a machine for calculating a binary 

function like addition will have two input registers, and if we were using it to 

calculate 5+3 weôd start with 5 stones in register A1
 and 3 stones in A2

. The result of 

the calculation will eventually appear in the output register, which we shall call B. 

We can use, C, D and so on to name other registers. (Note that these naming 

conventions are not quite the same as Jeffreyôs.) 

 

The flowchart consists of a number of nodes, each of which gives a single 

instruction, joined by arrows, which tell us where to go for the next instruction. 

There is a single input arrow leading to the node which gives the first instruction. An 

output arrow is an arrow leading nowhere, and if we ever reach it the calculation 

stops. (There may be more than one output arrow.) 

 

The nodes are of two kinds, add one and subtract (if possible) one (to/from a given 

register). Any number of arrows may lead to a node, but from an add node only one 

arrow leads out, and from a subtract node two arrows lead out (one of them marked 

by the letter e for óemptyô. So: 

 

If the calculation reaches an add node óadd one to register ...ô, then we put an extra 

stone into register ... and follow the out arrow to the next node. If it reaches a 

subtract node ósubtract one from register ...ô then if register ... is nonempty we 

remove a stone from it and follow the unmarked out arrow to the next register; if on 

the other hand register ... is empty, we leave it unchanged and follow the out arrow 

marked e to the next node. 

 

And thatôs all there is to a register machine! For examples see Jeffrey.  

 

We assume some fixed effective enumeration of register machines M0, M1, M2, .... 

óEffectiveô here means that given a machineôs index number we can construct its 

flowchart and given its flowchart we can extract its index number. Since flowcharts 

are finite configurations of symbols this is always possible, and exactly how it is 

done doesnôt matter at all. (One way might be to think up a suitable language for 

describing flowcharts, put all such descriptions in dictionary order and number them 

off as the zeroth, first , second and so on.) 
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We assume there are input registers A1, A2 , A3,...  and an output register B. For any n, 

any machine can be regarded as computing an n-ary function (start with the 

arguments in registers A1, ...An  and take the result from register B if the machine 

halts). Since machines donôt always halt, in general a machine computes only a 

partial function, i.e. a function that may not be defined for all arguments. 

 

Weôll call the n-ary (partial) function computed by the eth machine e{}
n
 and write 

just e{} for the unary function e{}
1
.  

 

Note that if a function is computable at all, it is always computable by many different 

machines, indeed infinitely many, since for any machine computing the function 

there is a more complicated one doing so as well (e.g. just add on something 

redundant like: put a stone into register B and then take it out again). 

 

Weôll use ó®ô to mean óis definedô - e.g. óe{}x()®ô will mean that application of the 
eth machine to the input x gives a terminating calculation.  

 

 

A universal register machine 
 

Each register machine computes one particular function, and you canôt use a machine 

which computes addition, say, if you want to compute multiplication. In that respect 

register machines look very unlike programmable computers. A programmable 

computer takes two inputs, the programme and the input proper, and then applies the 

programme to the input. But in fact we can simulate this feature with register 

machines as well. Consider the following procedure: given two numbers e and x, 

build the eth register machine and apply it to input x. This is obviously a mechanical 

procedure, so by (inessential use of) Churchôs thesis, thereôs a register machine that 

computes it, a machine which, starting with numbers e in register A1
 and x in register 

A2
 produces the result e{}x() in register B if e{}x()® and otherwise goes on for 

ever. This is a universal machine. Turing (working with Turing machines of course) 

realized this possibility in 1936, thus inventing the programmable computer a decade 

or so before any such thing existed in reality. 

 

 

The halting problem 

 

The halting problem in its full generality is this: 

Find a general procedure to determine whether or not the eth machine halts with 

input x, i.e. for each n a procedure for calculating the following function: 

hn e,x1,...xn( )=
0 if e{}

n
x1,...xn( )®

1 otherwise.           

ë 
ì 
í 

 

 

We shall show that the halting problem is insoluble, i.e. that the function hn , though 

a perfectly well-defined total function, is not recursive/register-machine computable. 

Weôll do this by considering a special case (the self-halting problem), and weôll 

then go on to prove a much stronger result, Riceôs theorem, which says roughly that 

no general problem about the functions computed by register machines is solvable! 
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The self-halting problem 
 

Consider the set K= e | e{}e()®{ }, i.e. the set of those numbers e such that the eth 

register machine applied to calculate a unary function from input e generates a 

terminating calculation. We shall show that this set is not recursive, i.e. that its 

characteristic function: 

 

cK x()=
0 if x{}x()®

1 otherwise  

ë 
ì 
í 

 

 

is not computable by register machine. For suppose it is computable by some 

machine H, and consider the following slightly larger machine: 

This machine halts iff H has left the output register nonempty. Let this machine be 

the kth machine. Then it, the kth machine, halts for input k iff H has said it wonôt. 

 

Since the self-halting problem is unsolvable, so is the halting problem. For if some 

machine calculated the function 

 

h1 e, x( )=
0 if e{}x()®  

1 otherwise     

ë 
ì 
í 

 

 

then clearly a machine which copied register A1  into A2  and then ran that machine 

would solve the self-halting problem. 

 

Here is an even simpler proof that the self-halting problem is unsolvable, this time 

relying on Churchôs thesis rather than anything specific to register machines: 

 

Consider the function  

g x()=
x{}x()+1    if x{}x()®

0                 otherwise  

ë 
ì 
í 

 

 

g is total but cannot be recursive since for each e it differs from e{} at the argument 

e. But if K= e | e{}e()®{ } were recursive g would be (by Churchôs thesis: the 

definition of g would give an obvious procedure for computing it). 

    

BH

ð

e
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The use of Churchôs thesis in this proof is inessential: we could replace it by 

describing in detail the register machines required (in this case the rather complicated 

machine which, given a number x, simulates the result of applying the xth machine to 

input x). 

 

 

Riceôs Theorem 
 

We now prove a spectacular result. Take any property which holds of some 

computable functions but not for others. There is never an effective procedure for 

sorting out those machines computing functions with the property from those 

computing functions without the property. Our proof again makes inessential use of 

Churchôs thesis. 

 

Theorem (H. Gordon Rice, 1953): Let S be any set of unary partial recursive 

functions. Then the set C= e| e{}ÍS{ } of indices of machines computing members 

of S is never recursive except in the extreme cases of S being empty or S being the 

set of all unary partial recursive functions. 

 

Proof: Without loss of generality (if necessary replacing C by its complement) we 

can assume that the nowhere-defined function Ø is not in S, and assume that some 

function y is in S. Consider the following procedure. Given a number x, construct 

the register machine which given an input y first attempts to calculate x{}x(), and if 

that calculation terminates goes on to calculate y y(). Call the index of the machine 

you have constructed f x(). ( f x(){ } will be either y or Ø, depending on whether x 

is the index of a self-halter.) By Churchôs thesis the function f is a total recursive 

function. (For itôs computed by: construct the appropriate machine and find its index 

ð you donôt have to run the machine.) But we have f x()ÍC  iff x is the index of a 

self-halter, so if C were recursive we would be able to solve the self-halting problem. 

Indeed cK x()=
0 if x{}x()®

1 otherwise  

ë 
ì 
í 

 is also given by cK x()=cC f x()( ). End of proof. 

 

Immediate corollaries of Riceôs theorem are the recursive unsolvablity of (just for 

example) all the following problems: 

 

Is e{} a total function? 

Is e{} defined almost everywhere (i.e. except on a finite set)? 

Is e{} the nowhere-defined function? 

Is e{} a constant function? 

For fixed a, does e{} ever take the value a? 

Are the values taken by e{} bounded? 

For fixed a, does e{} compute the same function as a{}? (e.g. does e{} compute the 

zero function?, does e{} compute the successor function? etc.) 

Do e{} and f{} compute the same function? 

 

Two jokey applications of Riceôs theorem: 
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1. In V7BFL2 the instructor sets the assignment: construct a register machine to 

compute the ... function. No possible computer program reliably marks possible 

answers for correctness! (This also applies to the computer programming class, 

where students are being asked to write programs in say Pascal or C.) 

2. William F. Dowling, óThere Are No Safe Virus Testsô, American Mathematical 

Monthly 96 (1989) 835-6. 

 

 

Hilbertôs tenth problem 
 

There are plenty of examples of unsolvability in general mathematics (i.e. outside of 

logic and computer science). The most famous is probably óHilbertôs tenth problemô 

that of finding a method for determining whether or not a given diophantine equation 

has a solution. (A diophantine equation is a polynomial equation in any number of 

variables, but where solutions are constrained to be integers. e.g. x
2
-3y

2
+1=0  has 

no integral solutions but x
2
-5y

2
+1=0 has the solution x=2, y=1.) Hilbertôs tenth 

problem was finally proved unsolvable in 1970. 
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9. Churchôs Theorem 
 

Churchôs theorem tells us that entailment in first-order logic is not effectively 

decidable, in other words that there is no computer programme which, given a finite 

set of premises and a conclusion in first-order logic, after a finite amount of 

computation prints out óYESô if the premises entail the conclusion and óNOô if they 

donôt. 

 

Since the premises j1,j2,...jn
 entail the conclusion y iff the formula 

j1Øj2Ø...Øjn­y is logically valid, an alternative statement of Churchôs 

theorem is that validity in first-order logic is not decidable. 

 

Note that the tree method, which provides a decision procedure for propositional 

logic, fails to provide such a procedure for first-order logic, since in propositional 

logic the construction of the tree from a finite root (of premises plus negation of 

conclusion) always terminates, either with all branches closing (valid), or with an 

open branch (invalid), but in first-order logic though in the case of validity the tree 

will eventually close (completeness), in the case of invalidity the tree in general goes 

on for ever, so you canôt in general tell whether it hasnôt closed because itôs never 

going to close or just because you havenôt gone on long enough. 

 

We sketch the proof of Churchôs theorem (but for further details and a more careful 

and complete treatment see chapter 8 of Jeffrey). 

 

The idea is: we describe register machines in a first-order language in such a way 

that the machine halts iff that it halts is entailed by our description. If we had a 

means of deciding entailment, we would thus have a decision procedure for whether 

machines halt or not, which we know cannot exist. 

 

Consider the following simple machine, where we have assigned numbers to the 

arrows:          

e

ð +

A A
0 1

2

3

 
(This machine halts if we start with register A empty, but goes on for ever if we start 

with register A nonempty.) 

 

We take a first-order language with the individual constant 0, the unary function 

symbol s, and a three-place predicate Rtxy which means óat stage t of the 

computation we are on arrow number x and there are y stones in register Aô. If we 
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had two registers we would need a four-place predicate, and in general if we have n 

registers we need an n+2-place predicate. 

 

Here is our description of the machine: 

 

(1) "t"y Rt0sy­ Rsts0y( ) [with obvious abbreviations,  

 "t"y Rt0sy­ Rst1y( )] 

(2) "t Rt00­ Rstsss00( ) [i.e. "t Rt00­ Rst30( )] 

(3) "t"y Rts0y­ Rstss0sy( ) [i.e. "t"y Rt1y­ Rst2sy( )] 

(4) "t"y Rtss0sy­ Rsts0y( ) [i.e. "t"y Rt2sy­ Rst1y( )] 

(5) "t Rtss00­ Rstsss00( ) [i.e. "t Rt20­ Rst30( )] 
 

Intuitively, (1) tells us that if at some stage we are on arrow 0 with y+1 stones in A, 

then at the next stage we are on arrow 1 with y stones in A. (2) tells us that if at some 

stage we are on arrow 0 with A empty, then at the next stage we are on arrow 3 with 

A still empty. (3) tells us that if at some stage we are on arrow 1 then at the next 

stage we are on arrow 2 with an extra stone in A. And (4) and (5) (similar to (1) and 

(2)) tell us what happens after weôve been on arrow 2. 

 

The machine halts iff we ever reach arrow 3, so that the machine halts is expressed 

by $t$yRtsss0y  [i.e. $t$yRt3y ]. 

 

We now need a premise stating the initial condition of the machine ð viz. that when 

t is zero we are on arrow 0 with a certain number of stones in register A. For zero 

stones in register A this will be the premise R000. From that premise together with 

(2) we get R130, and from that $t$yRt3y , in other words our description of the 

machine together with initial conditions entail that the machine halts. If we start with 

one stone in A our initial conditions are stated by R001. By (1) we then get R110, by 

(3) R221, by (4) R310, by (2) R421 and so on. Clearly for any n our premises entail 

the correct description of where we are at the nth stage of the computation. 

 

We can clearly do this for any machine. (If there is more than one exit arrow the 

halting condition will be a disjunction.) And in general: 

 

If the machine halts, then for some n it halts after n steps, but since our description 

entails for any n where we are after n steps (at least until the machine halts, if it 

does), our description entails that it halts. 

 

If the machine doesnôt halt, then since our description is true (interpreting in the 

domain of natural numbers and with 0 and s having their usual meaning), it canôt 

entail falsehoods, so our description does not entail that it halts. 

 

But if there were a procedure for deciding whether or not entailments hold in first-

order logic, that would mean that we would be able to solve the halting problem, 

which we know we canôt. 

 

Note that I did not say that if the machine doesnôt halt our premises entail that it 

doesnôt halt. I didnôt say that because itôs not true. That the machine doesnôt halt 
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(expressed of course by ×$t$yRt3y)  when it starts with a stone in register A 

follows by arithmetic (not just logic) from our premises, To get that conclusion we 

would need to put in some extra arithmetical premises. A proof might go as follows. 

First prove by induction (so using an induction axiom) that "t Rt01ÙRt10ÙRt21( ), 
then show (using the usual successor axioms) that 0Í3, 1Í3 and 2Í3. It will now 

follow that ×$t$yRt3y.  Without arithmetical premises we canôt get this result, 

since nothing rules out e.g. a model in which there is only one number, 0, which is its 

own successor (so that 0=1=2=...), and in which R000 is true. In such a model (1) to 

(5) all come out as trivially true, and R001, i.e. R000 is also true, but ×$t$yRt3y , 

i.e. ×$t$yRt0y , is false. In fact even if we add arithmetical axioms there will always 

be some machines which donôt halt, but where that fact doesnôt follow from our 

axioms. For if our axioms always entailed halting in case of halting and non-halting 

in case of non-halting, we would have a decision procedure for the halting problem 

via: systematically look both for a proof of halting and simultaneously for a proof of 

non-halting until you find one or the other (and by completeness you must eventually 

find one or the other). This rather surprising result is actually a form of Gºdelôs 

theorem, to which we now come in its full glory. 
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10. Gºdelôs Theorem 
 

The expressive power of PA 
 

First-order Peano Arithmetic (PA) has, you will remember, as its language first-order 

logic with identity and function symbols for successor, addition and multiplication 

and as its axioms two axioms for successor, 

 
"x"y sx=sy­ x=y( )

"xsx 0̧,
 

 

the recursion equations for addition and multiplication, 

 
"xx+0=x

"x"yx+sy=s x+y( )

"xx³0=0

"x"yx³sy= x³y( )+x,

 

 

together with the first-order induction schema,  

 

If jx() is a formula containing óxô free, then the universal closure of 

j0()Ø"xjx()­jsx()( )( )­"xjx()( ) is an axiom. 

 

PA is strong enough to express and prove all results of particular mechanical 

calculations.  

 

More precisely: 

 

Let P be a k-ary relation on natural numbers. The wff F x1, ...xk( ) of PA with k free 

variables represents P iff for any particular numbers n1, ...nk : 

 

If Pn1, ...nk  holds then PA |-  Fn 1,...n k( ) 

If Pn1, ...nk  does not hold then PA |-  ×Fn 1, ...n k( ). 
 

[We are here using the notation n  to indicate the numeral for the number n, i.e. the 

closed term consisting of ósô n times over followed by ó0ô.] 

 

Let f be a k-ary function on natural numbers. The wff Y x1,...xk , y( ) of PA with k+1 

free variables represents f iff for any particular numbers n1, ...nk  with f n1, ...nk( )=m 

we have 

 

PA |-  "y Yn 1,...n k, y( )ª y=m ( ). 
 

A function/relation is representable in PA iff there is a wff of PA which represents 

it. 
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FACT: Every recursive relation and function is representable in PA. 

 

We shall not prove the FACT here (though youôll find a proof in any good textbook 

of mathematical logic). The crucial point in the proof is that once we have both 

addition and multiplication it becomes possible to reduce recursive definitions to 

explicit ones. Consider, for example, a function defined recursively by the equations: 

 
f 0()=a

f sx()=g f x()( ),
 

 

where a is a number and we assume we already have a means of expressing the 

function g. We can express óf x()=yô as: there is a sequence of numbers z0 ,...zx  

such that z0 =a, for all i zsi =g zi() and zx =y. But PA doesnôt allow us to quantify 

over sequences of numbers, only over numbers. We therefore have to find a way of 

coding sequences of numbers by individual numbers. If we had exponentiation in the 

system, this would be relatively easy, we could code the sequence z0 ,...zx  by the 

single number 2
z0+1³...³px

zx +1, where pi  is the i+1th prime. (I am here using the 

ófundamental theorem of arithmeticô which tells us that every natural number greater 

than 1 factorizes uniquely into powers of primes.) We would then say there is a 

number such that 2 divides it a+1 times, and for i<x if pi  divides it z+1 times then 

pi+1 divides it g(z)+1 times and px  divides it y+1 times. Gödel discovered an 

ingenious way of coding sequences of numbers by single numbers which doesnôt 

require exponentiation and works just with addition and multiplication. The way it 

works is based on a moderately obscure piece of number theory known as the 

Chinese remainder theorem, and the definition operates by something known as 

óGºdelôs b-functionô. Itôs all very ingenious but quite awkward and messy, so we 

shanôt bother with the details. 

 

Note: I am claiming a kind of completeness for PA concerning calculations with 

particular numbers. As we shall see, PA does not prove all true general statements 

about recursive relations/functions. In fact we donôt need the whole of PA to 

represent the recursive relations and functions. If we throw away all the induction 

axioms and just put in the axiom "x x 0̧­$yx=sy( ) to the effect that zero is the 

only non-successor we get a system known as óRobinson Arithmeticô or Q, whose 

seven axioms are already strong enough to represent all recursive functions and 

relations, though the system is so weak that just about no significant generalities are 

provable in it (not even things like associativity of addition). Jeffrey presents 

Robinson Arithmetic in §6.9 of his book. 

 

 

Arithmetization of syntax 
 

We shall prove Gºdelôs theorem by getting a sentence of arithmetic which ósays of 

itself that itôs unprovableô. So we have to be able to talk about syntax in the language 

of PA. This we do by assigning to every syntactic item we might want to talk about 

(symbols, formulae, proofs ...) a number, its óGºdel numberô. 
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We have a wide choice as to how we encode syntactical items by numbers.  In fact 

any system will do so long as we have an effective procedure for moving from a 

syntactical item to its Gödel number or from a number to the syntactical item that it 

encodes.  A convenient system, essentially that used by Gödel in his original paper, 

is the following. 

 

Assume that our language has " as its only quantifier and ¬, ­ as its connectives 

(weôll regard $, Ù etc. as defined symbols). Call the variables x0 , x1 etc. (though in 

practice we shall continue to use x, y etc.) Then we can assign an odd Gödel number 

to each primitive symbol by the stipulations: 

 

g '"'( )=3  g '+'()=11  g ' )'()=19 

g '×'( )=5  g '³'()=13  g ' 0'()=21 

g '­'( )=7  g ' s'()=15  g ' xi '()=23+2i  

g '='()=9   g ' ('()=17 

  

Given an expression ð i.e. a finite sequence of symbols ð s0...sk , with Gödel 

numbers g0 ,..., gk , we define the Gödel number of the sequence to be 

2
g0 ³...³pk

gk (again pi  is the i+1th prime). 

 

For most formal systems a proof would be a sequence of expressions. We could code 

the sequence of expressions S0...Sk  with Gödel numbers g0 ,..., gk , again by  

2
g0 ³...³pk

gk . Note that with this system of numbering the Gödel number of a 

symbol is odd, the Gödel number of an expression is even and the power of 2 in its 

prime factorization is odd, and the Gödel number of a sequence of expressions is 

even as is the power of 2 in its prime factorization.  Thus every syntactic item has its 

very own Gödel number, and it should be clear that we can move mechanically from 

a syntactic item to its Gödel number or from a number to the syntactic item, if any, 

whose Gödel number it is. 

 

If (as in the system of logic we know from Jeffrey) a proof is a tree, then we encode 

trees of expressions rather than sequences of expressions. Jeffrey gives a way of 

doing this in Ä7.3. More in tune with what weôve just done might be to regard a tree 

consisting of a single formula with Gödel number g as having Gödel number 2
g
, the 

tree formed by appending the tree with Gödel number g1 below the formula with 

Gödel number g as having Gödel number 2
g
³3

g1  and the tree formed by appending 

the trees with Gödel numbers g1, g2  below the formula with Gödel number g as 

having Gödel number 2
g
³3

g1 ³5
g2 . Any system will do so long as we can move 

mechanically from a syntactic item to its Gödel number and from a number to the 

syntactic item whose Gödel number it is. 

 

Now instead of talking about syntactic items we can talk about the corresponding 

numbers. For example, instead of saying that a symbol is a two-place function 

symbol we can say that a number is the Gödel number of a two-place function 

symbol. Further: since it is clearly mechanically decidable whether or not a number 

is the Gödel number of a two-place function symbol, the predicate ó...is the Gºdel 

number of a two-place function symbolô is representable in PA. Indeed, it is 

represented by the formula 
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×x0 =sssssssssss0­ x0 =sssssssssssss0  

 

for if in this formula we replace x0  by the numeral for 11 or for 13 we get a sentence 

provable in PA (indeed provable from logic alone) and if we replace x0  by any other 

numeral we get a sentence disprovable in PA (using the axioms for successor). 

Similarly, there will be formulae of PA representing, for example, ó... is the Gºdel 

number of a well-formed formulaô, ó... is the Gºdel number of a correctly constructed 

treeô etc., for these are mechanically decidable properties of numbers, therefore by 

Churchôs thesis (inessential use) recursive and therefore (by our FACT) 

representable in PA. 

 

 

Gºdelôs incompleteness theorem 
 

Consider the relation which holds between two numbers n, m just in case n is the 

Gödel number of a wff fx() with one free variable and m is the Gödel number of a 

proof in PA of the closed wff fn () (which arises from replacing the free variable in 

fx() by the numeral for the Gödel number of fx()). This relation is effectively 

decidable. To decide whether it holds between given n and m, find the wff (if any) 

for which n is the Gºdel number, check whether itôs a wff with one free variable, if it 

is stick the numeral for n in in place of the free variable and check whether or not m 

is the Gºdel number of a proof of what youôve thereby got. By Churchôs thesis 

(inessential use) the relation is thus recursive and by our FACT representable in PA. 

In other words there is a wff W x, y( ) with two free variables such that: 

 

If  n is the Gödel number of a wff fx() with one free variable and m is the Gödel 

number of a proof in PA of the closed wff fn (), then PA |-  W n ,m ( ) 
If it is not the case that n is the Gödel number of a wff fx() with one free variable 

and m is the Gödel number of a proof in PA of the closed wff fn (), then  

PA |- ×W n ,m ( ). 
 

[Note that since our use of Churchôs thesis is inessential we can actually find and 

write down the wff  W x, y( ), at least in abbreviated form.] 

 

The wff "y×W x, y() is a wff with one free variable, and has a Gödel number, say p. 

We now stick its Gödel number back into the formula to give us the closed wff: 

 

  ¶ "y×W p ,y( ). 
 

Æ is our sentence which ósays of itself that it is not provableô. For Æ says that no 

number y is the Gödel number of a proof of the sentence which arises by taking the 

wff with one free variable and Gödel number p and replacing the free variable by the 

numeral for the Gödel number. But ¶ is that sentence! So in effect, ¶ asserts its own 

unprovability.  

 

We show first that if PA is consistent, ¶ is unprovable. If it were provable, let k be 

the Gödel number of a proof of it. Then p is the Gödel number of a wff with one free 



V7BFL2 Formal Logic 2 

52 

 

variable (namely "y×W x, y()) and k would be the Gödel number of a proof of the 

sentence which arises by sticking the numeral for p in for the free variable. So we 

would have PA |-  W p ,k (). But W p ,k () contradicts ¶, so PA would be inconsistent. 

 

Assuming (as we do!) that PA is consistent, ¶ is thus unprovable in PA. And since it 

asserts its own unprovability, itôs true. It had therefore better not be disprovable! 

Indeed, since ¶ is unprovable in PA, no number is the Gödel number of a proof of it 

ð 0 is not, 1 is not, 2 is not, and so on. By the properties of W x, y( ) we thus have 

PA |-  ×W p ,0( ), PA |-  ×W p , s0( ), PA |-  ×W p , ss0( ), and so on, indeed for every 

number m we have PA |-  ×W p , m ( ). If ¶ were disprovable, i.e. if its negation  

$yW p , y( ) were provable we should then have the strange phenomenon that for 

every particular number m we could prove ×W p , m ( ) but nevertheless we could also 

prove that there is a number y such that W p ,y( ). This is what is known as w-

inconsistency. A system of arithmetic is said to be w-inconsistent if for some wff 

fx() for every particular number m we can prove ×fm () but nevertheless we can 

also prove $xfx(). Weôve seen this phenomenon before in our proof that first-order 

Peano arithmetic is not categorical. There we had a system in which we could prove  

all of the sentences ' c 0̧' , ' c ş0' , 'c şs0' , ' c şss0' , 'c şsss0' ... but also the 

sentence ó$xc=xô. That example shows us that w-inconsistency does not entail 

inconsistency, but itôs pretty undesirable, since an w-inconsistent system only has 

nonstandard models and isnôt true to the intuitive natural numbers. 

 

To sum up: If PA is consistent (which it surely is!), ¶ is unprovable in PA. And if PA 

is w-consistent (which it also surely is!) the negation of ¶ is also unprovable in PA. 

So PA, assuming it is w-consistent, is incomplete. 

 

Since ¶ is a true sentence of arithmetic, the obvious thing to do would be to add it to 

PA as an extra axiom. Well, we can do this if we like, but we can then go through the 

whole thing again, finding a new sentence which this time says of itself that itôs 

unprovable in the system PA+¶. Of course it will be true too, so we could add it as an 

axiom too, but then ... Weôll never get a complete system this way. Gºdelôs theorem 

will apply to any system which is such that: 

 

1) The recursive relations are representable in the system 

 

and 

 

2) It is a formal system, i.e. one in which whether or not an array of symbols counts 

as a proof or not is recursively decidable. 

 

Thus no formal system captures all and only the truths of arithmetic: Arithmetic is 

unaxiomatizable. 
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11. The fundamental theorem of arithmetic 
 

[This section is not part of the course: I am including it just because I used the 

fundamental theorem in the last section, and itôs sort of tidy to provide a proof rather 

than just state the theorem as a FACT. If youôre a maths student and have studied 

any number theory you will already know a proof, but probably not this one.] 

 

Every natural number greater than 1 is representable as a product of finitely many 

primes, and this representation is unique except for the order of the factors. 

 

The proof which follows (due to Ernst Zermelo) is a little bit more convoluted than 

the standard proof (due to Gauss), but requires no advance lemmas beyond very 

obvious facts about divisibility. 

 

Let nÓ2. Define p(n) to be the smallest divisor of n to be greater than 1. p(n) is prime 

(for if it were composite its divisors would be still smaller divisors of n). 

 

Proof of existence (the easy bit): If n is prime then we are done; in particular this 

give us the basis for an induction starting with n=2. Now assume n>2 and for all m 

with 2Òm<n m is representable as a product of primes. Without loss of generality 

assume n is composite. Then for some m with 2Òm<n we have n=mp(n), and 

replacing m in this equation by its prime factorization gives a prime factorization of 

n. 

 

Proof of uniqueness (the non-trivial bit): Suppose for reductio that there is a natural 

number whose prime factorization is not unique and let n be the least such. Again 

write n=mp(n), a factorization of n which includes the prime p(n), and which 

generates via the unique prime factorization of m a prime factorization of n. But 

thereôs supposed to be another prime factorization of n, n= qs
s=1

s

Ô  with all the qs 

prime. The qs must all also be greater than p(n) (for otherwise the prime 

factorization of m would not be unique). Define n'=q1 -p n()( ) qs
s=2

s

Ô , a positive 

number, which because n'=n-p n() qs
s=2

s

Ô  must be divisible by p(n). But n'<n, so 

n'  has a unique prime factorization including the prime p(n). But since 

n'=q1 -p n()( ) qs
s=2

s

Ô  that must mean p(n) divides q1-p n(), and thus p(n) divides q1, 

contradicting the fact that q1 is a prime greater than p(n). 
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12. More on Gºdelôs Theorem 
 

Second-order logic again 
 

A long time ago we stated that the completeness theorem fails for second-order logic. 

We can now see why that must be the case. A sentence of arithmetic is true if and 

only if it is entailed by the second-order Peano axioms. Now we require of rules of 

deduction in a formal system that it be mechanically checkable whether or not they 

have been correctly applied. A complete set of such rules for second-order logic 

would give us a complete formal system of arithmetic, which by Gºdelôs theorem 

cannot exist. Basically, the situation is: 

 

The axioms of second-order arithmetic entail all and only the truths of 

arithmetic, but there is no formal set of rules of deduction giving a 

derivation for every entailment. 

 

With first-order arithmetic anything entailed by the axioms can be 

deduced from them, but the system of axioms is itself incomplete. 

 

 

The unprovability of consistency 
 

óm is the Gödel number of a proof in PA of the wff with Gödel number nô is a 

decidable relation between numbers, and thus represented by a wff Provesy, x( ) such 

that: 

 

If m is the Gödel number of a proof in PA of the wff with Gödel number 

n then  

PA |-  Proves m ,n ( ). 
If it is not the case that m is the Gödel number of a proof in PA of the wff 

with Gödel number n then PA |-  ×Proves m ,n ( ). 
 

Now consider the wff $yProves y, x( ). This wff asserts that there is a [number which 

is the Gödel number of a] proof of the wff with Gödel number x. We shall abbreviate 

it as Prble x().  
 

Let q be the Gödel number of the wff 0=1, i.e. 0=s0, a 39-digit number which Iôm 

afraid my pocket calculator canôt handle. Then ×Prble q () is a wff asserting that PA 

is consistent (for 0Í1 is a theorem of PA and if a contradiction is provable in PA then 

every contradiction is provable in PA). We shall call this wff which asserts in the 

language of arithmetic that PA is consistent Con PA( ). 
 

Our proof of Gºdelôs theorem was conducted informally in English (the 

metalanguage) about the formal system PA in its object language. We showed that if 

PA is consistent, then ¶ is unprovable in PA. But in fact all the informal reasoning 

we used in English can be formalized in the language of PA, and the proof can be 

carried through in the object language. We thus get as a theorem of PA that if PA is 
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consistent then Æ is unprovable. But óPA is consistentô is expressed in the language of 

PA by Con PA( ), and the unprovability of ¶ by ¶ itself. Thus we have: 

PA |-  Con PA( )­ ¶ . 

 

But now if Con PA( ) were provable in PA, then ¶ would be provable, which we 

know to be impossible if PA is consistent. Thus we have shown that if PA is 

consistent, Con PA( ) is unprovable in PA. This gives us: 

 

Gºdelôs theorem on consistency proofs: Assuming PA is consistent, the 

consistency of PA is not provable in PA. 

 

In fact the Gödel sentence ¶ is equivalent to Con PA( ), since if true itôs unprovable, 
and if anything is unprovable then PA is consistent (in an inconsistent system every 

sentence is provable). In fact: 

PA |-  Con PA( )ª ¶ . 

 

This theorem generalizes beyond PA to any sensible formal system strong enough 

for the representation of the recursive functions and relations. 

 

Now for a slightly delicate point. I said above that Prble x() óasserts thatô the wff 
with Gödel number x is provable; I didnôt say it represented provability. Why not? 

Well, because it doesnôt. If n is the Gödel number of a provable wff then Prble n () is 

true, and if n is not the Gödel number of a provable wff then Prble n () is false ( so 

×Prble n () is true). But we have just seen that not everything true is provable. If 

Prble n () is true then in fact it is provable (because for some m weôll be able to prove 

Provesm ,n ( ) and thus $yProvesy, n ( )), but if n is the Gödel number of an 

unprovable sentence then ×Prble n (), though true, is not provable in PA, since it 

entails the consistency of PA. 

 

In fact provability in PA is not representable in PA because the set of Gödel numbers 

of theorems of PA is not a recursive set. It has however the weaker property of 

recursive enumerability. A set of numbers is recursively enumerable (or r.e.) if 

there is a mechanical way of churning out its members one by one such that for each 

number n in the set, n eventually gets churned out. Given any formal system, the set 

of Gödel numbers of its theorems is always r.e. (to churn them all out just, for 

example, write all proofs in the system in dictionary order), but (as in the case of PA) 

it may not be recursive: we may not have, for an arbitrary number, a mechanical way 

of deciding whether or not it will eventually get churned out. Any recursive set is 

trivially also r.e., but the converse does not hold. If, however, both a set and its 

complement (i.e. the set of all the other numbers) are r.e. then the set (and its 

complement) will be recursive (to decide whether n is in the set or not, just carry on 

both churning-out processes simultaneously until n appears - as it must - in one of 

them). For this reason, the set of Gödel numbers of theorems of any complete theory 

is recursive (if n is the Gödel number of a wff, churn out theorems until you come 

either to a proof of that wff or a proof of its negation). 
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Using PA to talk about computability  
 

Each stage of a computation (by Turing machine or register machine or whatever) 

consists of a finite array of symbols, and such finite arrays can be coded by numbers. 

(e.g. just invent a suitable language for describing the machines and their states, and 

write all such descriptions in dictionary order). And a completed computation 

consists of a finite sequence of such arrays, and can thus also be coded by a number. 

Assume some such fixed coding, and also a coding for the inputs to machines, an 

input being a finite sequence of numbers (of length k for a k-ary function). Consider 

now the relation which holds between the three numbers e, x and y iff y encodes a 

completed computation produced by the eth machine with input coded by x. Weôll 

write this as T e, x, y( ) (óKleeneôs T-predicateô). Itôs a mechanically decidable 

predicate (to decide whether it holds between given e, x and y just find out what 

procedure y codes and check whether or not it is indeed a finished computation of the 

eth machine with input (coded by) x). So by (inessential use of) Churchôs thesis, itôs 

recursive. In fact it turns out to be primitive recursive; this is not all that surprising, 

since from the size of y we will be able in advance to put a bound on the length of the 

calculation needed to decide whether or not T e, x, y( ). It is thus representable in PA, 

and we can express (though not represent!) the claim that the eth machine with input 

(coded by) x gives a terminating calculation by $yT e, x, y( ). If a calculation does 

terminate, then PA always proves that it does: if the eth machine applied to input x 

gives a terminating calculation, then for some n, T e, x,n( ) is true, so PA proves 

T e, x,n( ), and thus proves $yT e, x, y( ). However PA does not always prove that 

nonterminating calculations fail to terminate; consider, for example, a machine that 

systematically looks for a proof of a contradiction in PA and halts when it finds one. 

It wonôt halt, since PA is consistent, but PA doesnôt know this, since it doesnôt know 

that itôs consistent. 

 

For fixed e and x we can find the y such that T e, x, y( ) if it exists just by 

successively testing T e, x,0( ), T e, x,1( ), T e, x,2( ) and so on: it will be the least n 

such that T e, x,n( ). Also, from any y which codes a completed computation we can 

extract the result of the computation (e.g. in the case of register machines it will be 

the contents of the output register at the end of the computation.). Call the function 

which does this u; it is also (unsurprisingly) primitive recursive. Thus for the partial 

recursive function given by the eth machine we have e{}x()=u myT e, x, y( )( ). This 

explains why all the recursive functions can be got by adjoining the m-operator to the 

ways of defining primitive recursive functions (see § 7 above). 

 

Now letôs prove Gºdelôs theorem again in a slightly different way by considering 

computations. From now on Iôll only consider unary functions, so we can take x as 

being rather than coding the input. Consider a machine which given input x searches 

systematically for a proof in PA that the calculation x{}x() does not terminate. If it 

finds one, it halts, (with output 0, say) and if it doesnôt, it fails to halt. Let this 

machine be the kth machine. Now consider what happens when we give this kth 

machine the input k. 
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Suppose PA proves that the computation k{}k() does not halt. Then by the 

properties of the kth machine the computation does halt, and PA will also prove this. 

So PA will be inconsistent. In other words, if PA is consistent it doesnôt prove that 

the computation k{}k() fails to halt. 

 

On the other hand, if PA doesnôt prove that the computation k{}k() fails to halt then 

the computation k{}k() indeed fails to halt (an arithmetical truth which PA fails to 

prove), and if PA proved that it halted, then it would prove $yT k,k, y( ) but also for 

every n would prove ×T k,k,n( ) and would be w-inconsistent. 

 

So if PA is consistent, then the computation k{}k() fails to halt but PA fails to prove 

this. For Gºdelôs theorem on consistency proofs, run the proof of this through in PA. 

Then if PA proved Con(PA) then it would prove both that the computation failed to 

halt and that it didnôt prove this, and since when PA proves something it knows that 

it proves it (remember that if n is the Gödel number of a proof of the wff with Gödel 

number m then PA proves Proves n,m( ) and thus $yProves y,m( )) PA would be 

inconsistent. So if PA is consistent it doesnôt prove Con(PA). 
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13. The undefinability of truth  
 

The diagonalization lemma 
 

The Gödel sentence says something about its own Gºdel number, namely that itôs not 

the Gödel number of a provable wff. The method used to generate the Gödel 

sentence can be generalized to get other sentences saying something about their own 

Gºdel number. Indeed we have the following ódiagonalization lemmaô: 

 

Let fx() be any arithmetical wff with one free variable. Then there is a sentence y 

of arithmetic with Gödel number n such that PA |-  yªfn (). 
 

[In other words, whatever f said about x is said by y about its own Gödel number.] 

 

(Sketch of) proof: Consider the function sub which leads from the Gödel number m 

of a wff with one free variable to the Gödel number of the wff which arises by 

replacing the free variable by the numeral for m (in other words if fx() has Gödel 

number m, then subm() is the Gödel number of fm (). This function represents a 

straightforward calculation and is thus represented in PA. Now given fx(), let 

fsubx()( ) have Gödel number m, and define y to be fsubm ()( ). Note that subm() 

is the Gödel number of y, so y says of its own Gödel number what fx() said of x. 

 

Tarskiôs theorem 
 

The set of Gödel numbers of true sentences of arithmetic cannot be a recursive set, 

for if it were we could take the set of true sentences of arithmetic as the set of axioms 

for a complete theory of arithmetic. However, more than this is true: the set of Gödel 

numbers of true sentences of arithmetic is not even arithmetic [read as an adjective, 

stressing the third syllable!] in the following sense: 

 

A set S of numbers is arithmétic (or: definable in aríthmetic) iff there is a wff fx() 
of arithmetic with one free variable such that for all n, nÍS iff fn () is true.  

 

[Note: this is a broader concept than representability, having to do with truth, not 

provability, e.g. the set of Gödel numbers of provable sentences of arithmetic is 

defined but not represented by Prble x(). In fact only recursive sets are 

representable
2
, but lots of nonrecursive sets are arithmetically definable, for example 

all r.e. sets.] 

 

Tarskiôs theorem: The set of Gödel numbers of true sentences of arithmetic is not 

arithmetic. Proof: suppose it were, defined by the wff Tr x(). Apply the diagonal 

lemma to the wff ×Tr x(), giving us a sentence y of arithmetic with Gödel number 

n such that  PA |-yª ×Tr n (). But by the properties of Tr x() it is true that 

yª Tr n (), so PA would have a false theorem (our sentence y would ósay of itself 

that it is not trueô, thus reproducing the liar paradox in arithmetic). 

                                                 
2
 Exercise: why? Assume that a set is representable and generate from this a decision 

procedure for membership of the set. 
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Tarskiôs theorem, like Gºdelôs theorem, applies to any system strong enough to 

represent the recursive relations and functions. Thus, for example, truth in first-order 

arithmetic is definable in second-order arithmetic (with suitable [incomplete] rules of 

deduction), but truth in second-order arithmetic is not definable in second-order 

arithmetic. And truth in second-order arithmetic is definable in set theory, but truth 

in set theory is not definable in set theory... 
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