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This is a 10-credit level B module. It presupposes V7AFL1 Formal Logic 1 (or
equivalent). It is compulsory for second-year students of Joint Honours
Mathematics and Philosophy, and open to anyone with the necessary
prerequisite knowledge of logic.

Formal Logic 2 contains much of the basic mathematical logic which is needed
to understand current debates about the philosophy and foundations of
modern mathematics. Although not strictly a prerequisite for the third-year
option V73POM Philosophy of Mathematics, it will certainly be helpful for
anyone planning to take that course.

Aims and objectives

The aim of Formal Logic 2 is to introduce students to the mathematical theory
of what can and cannot be done with the kinds of logical system introduced in
Formal Logic 1. We discuss the tree method of proof and show that it is sound
and complete, building on concepts learned in Formal Logic 1. We then discuss
the concept of an effectively computable function, again building on concepts
from Formal Logic 1, and demonstrate some theoretical limitations on any
possible computer. The course is structured as a whole by consideration of the
formal development of natural-number arithmetic, drawing together the
various elements of the course for a sketch of one of the great intellectual
achievements of the t we n tproeftohthecimrcampletepess d68° del 6 s
arithmetic.

By the end of the module you should:

1 understand at least one of the many equivalent definitions of computability,

1 understand and be able to reproduce proofs of some major results in
mathematical logic (Completeness theorem, Chur chés theor em,
undecidability of the halting problem), and

1 understand, at least in outline, the way in which arithmetic can be
developed as a formal system, and the limitations of any such
formalization.
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Module information

Teaching

Classes will begin in week one, so the first class is on Monday 25 January.

The module will be taught by means of two informal one-hour classes per
week. In these classes (which are sort of lecture/seminar hybrids) | will talk
through the concepts and results that you need to learn, and you will be able
to ask questions and discuss the topics as we go along.

Basically, all of the materials you really need for the course are contained in
this module guide and the class notes (all of which will be posted on WebCT).
But we shall also use (the second half of) Richard Jeffrey - Formal Logi c,

Its Scopeand L  imits as a source of additional material and to give you
another take on the topics. The third edition of the book is now out of print,
but available in the library and Amazon offers second-hand copies. It has been
republished in a fourth edition by Hackett (but costs £24.95). This book will be
useful both in preparation for the lectures and to consolidate material after a
lecture, so | would recommend getting hold of a copy if you can.

Assessment

The module will be assessed by coursework (20%) and a one-hour exam
(80%).

The coursework will consist of two in-class tests (10% for the better of your
two marks) and a take-home exercise (10%). The exercise, accompanied by
the standard Philosophy Department cover sheet, should be handed in to the
Philosophy departmental office by 5pm on Tuesday 4™ May (directly after the
Easter break; note that this is the same date as the third essay deadline).
Electronic submission is not required for this exercise.

Note on plagiarism: answers to the take-home exercise must be entirely your
own work. Getting assistance from another student is an extremely serious
academic offence. However there is nothing wrong with using the library.
Being asked to prove something and finding out how to by consulting
literature on logic (e.g. the supplementary reading mentioned below) amounts
to developing the useful skill of extracting information. However, you must do
this on your own as well.

One major reason not to plagiarise on the take-home exercise is that this
exercise is one of your best opportunities to get feedback on how well you are
doing, and where you may need to do more work before the exam.

You are, however, most welcome to help one another by discussing anything
except the take-home exercise.
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Breakdown of hours

1 credit is reckoned to translate (roughly) into 7.5 hours work. For a 10 credit
module like this, that means 75 hours i again, roughly. A suggested
breakdown of these hours for V7BFL2 might be as follows:

Tutor-led: 22 hours of lectures.

That leaves 53 hours for work you will need to put in yourself through reading
and preparation. Perhaps:

Preparation for lectures: 11 hours (i.e. half an hour per lecture).
Consolidation of lecture material: 11 hours (i.e. half an hour per lecture).
Doing take-home exercise: 12 hours

Revision in preparation for the exam: 16 hours.

Other (e.g. discussion with other students outside class times): 3 hours

How seriously should you take these suggestions? The overall figure of 75

hours is probably more important than any particular suggestion about how

they break down (and people vary a lot in how they reckon the breakdown). If

you are spending significantly less time than this on the module you need to

think carefully about whether your work is adequ
good at logic, you may well be able to get away with less). On the other hand,

working significantly longer could be an indication that your time is not being

spent very efficiently.

Supplementary reading

We wuse Jef fr ey 0 sofbhe ol&ritybaed edeganee with which it gets
quickly through to quite deep results. However, you may find it useful to look
at some other books, thus improving your grasp of the material by
approaching it from more than one angle. Here are some suggestions:

First note that the second edition of Jeffrey contains some material which was
omitted from the slimmed-down third edition, and is also worth looking at if
you can get hold of it.

A particularly fine intermediate-level text (i.e. half a level above Formal Logic,
Its Scope and L imits ) is George Boolos & Richard Jeffrey, Computability and
Logic .

You could afford to go a full level higher to the standard textbooks of

mathematical logic. These are generally aimed at final-year mathematicians

(or American students beginning graduate school) and expect considerable

mathematical sophistication of the reader. They also go way beyond the

demands of our modul e. However, they dondt expec
mathematical knowledge, so they are not wholly out of reach. One option (for

the very ambitious student!) is Joseph Shoenfield - Mathematical Logi c¢. Also

good, | ess demanding, and in many ways closer to
Bell & M. Machover - A Course in Mathematical Logic
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[ Youdll find |l ots of other | ogic books
(Hallward) Library and in the (George Green) Science Library.]

Take-home exercise

This will be handed out during the early part of the course. Although it
doesnd t have t o be haltarcaster,iitns awgood idka to start
working on the gquestions as soon as we come to the relevant material.
You can then review and finalize your answers before handing them in.

at
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1. Some basic setiteory

[We w 0 ngb through this section in lectures. It is largely just a summary of the

vocabulary of modern mathematics. Maths students will know it all already, and

should just skim through it to see how 1|6
you havenudgthtbereant hts i n a te@adiealitlemoray Yy O u
carefully, and/or refer back to it from time to time.]

m goi
ol 1

Sets

A setis a collection of objects, its members Thus, for example, six is a member

of the set of even numbers and you are a member of the set of readers of these

notes. We regard sets as further objects (not identical to their members), which

can in turn be members of sets, giving us sets of sets, sets of sets of sets and so on.

I n such cases we may use O0class6 and 6écoll e
talking of collections of classes of sets.
me mb e r | ,adpedial version of the Greek letter e (epsilon). Thus to say that

the object a is a member of the set X we write al X, and to say that ais not a

member of X we write al X.

Typically, books on set theory begin by giving as examples a football team, a
bunch of grapes or the like. This may help to give beginners the idea, but in fact
neither of these is a set in the strict mathematical sense. For in our strict sense,
what set a particular set is, its identity, is a matter of what members it has, and
nothing else. Further, we think of sets as abstract entities, not existing in space or
time. Now the local football team may have exactly the same members as the
local fire brigade without beingthe local fire brigade, and indeed one and the
same team may have different members at different times. Further, a bunch of
grapes is a physical object which we think of as being destroyed when its
members are physically separated. So football teams and bunches of grapes as
usually understood are not really sets.

(@}

Logicians traditionally distinguish betweenth e 6 e xt ensi ondé and t he
a concept or general term. Two concepts are said to have the same extension if

exactly the same objects fall under them: they have the same intension only if

they imply the same attributes. Taking a traditional example, the concepts of

rational animal and featherless biped are distinct concepts with distinct intensions,

but they have the same extension: exactly the same things fall under them

(disregarding Papageno, Long John Silver and rational Martian decapoda). In

sayi ng that a setébés identity is determined b
contrast to concepts, sets are extensional the set of rational animals is the set of

featherless bipeds.

Sets with a small enough number of members may be named by listing their
members between braces. Thus the set of moons of Mars may be denoted by
{Phobos, Deimos} . This notation may be extended to some large or infinite sets
by the use of dots, for example denoting the set of perfect squares by {0,1,4,9,16,
e } b dual notaions fer suth cases are: {X | X is a perfect square} or

{x2|xiN}.Nhere i's of cour senafu@a,ndmb&s 3, ¢é } , th
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(nonnegative whole numbers). [It is not universal among mathematicians, but
usual among logicians, to count zero as a natural number: nothing hangs on this.]

By extensionality, the set of unicorns is the same set as the set of round squares.

(For them to be different, one would ha
This set with no members & the set with no members 0 is called the empty set

or the null set: it could in principle be called { }, but is usually called O.

We say that a set X is a subsetof a set Y, and write X | Y, if every member of X
is also a member of Y. Thus the set of kangaroos is a subset of the set of
marsupials. As a stylistic variant, some writers talk of X being included in Y, but
if you use this vocabulary be careful not to confuse inclusion with membership, |
with | . Clearly the empty set is a subset of every other set (all unicorns are
marsupial!), and any set is a subset of itself. If X T Ybut X1 Y, i.e. if every
member of X is a member of Y but not vice-versa, we say that X is a proper
subsetof Y. (Some older books use the symbol E in place of our | , while more
recentbooksuse Et 0 mean 6éis a proper subset ofd

shall avoid the symbol E all together.)

Given sets X and Y, the set whose members are all the objects belonging to either
Xor Y (or both) is called the union of X and Y and denoted by XC Y. The
intersection of X and Y, denoted by X A Y, is the set of those objects which X
and Y have in common. Thus, for example, we have:
{ab,c} G {bc.dj ={abcd
{a,b,c} £ {b,c,d} ={b,c}
If you want to pronounce the symbols C and Ey ou can <call them 6c¢
6capbo6. Us i n §is atkehands anobgedt @hich neaynpt alreafly be
in Sthen SC {a} is the set which results from adjoining ato S

Xand Y are disjoint if they have no members in common, i.e. if X/EY=0.A
collection of sets is pairwise disjoint if no two of the sets have common
members.

Relations
The members of a set are not in general considered to be ordered: by
extensionality the pair {a, b} is just the same set as the pair {b, a}. In contrast, by
<a, b> we mean the ordered pair. For ordered pairs we have:

<X y>=<z w> iff x=zandy=w.

The idea may be extended analogously to ordered triples, quadruples and so on.
Note that some books use parentheses, (), for our angle brackets, < >.

If X, Y are two sets, the set of all ordered pairs <x, y> with x| Xandy[ Yis
called the cartesian productof X and Y, and denoted by X3 Y[ r e Adoss Y O
0] :
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X3 Y={<xy>|xI X@yl Y}.

Any old set of ordered n-tuples is an n-ary relation. The relation R holds between
Xpp %y, I <X, %, %> | RIn practice we shall be concerned almost

exclusively with dyadic relations  binary relations, if you prefer Latin to Greek.

In this case, instead of <x, y>| RitisusualtowritexRy The r el ation of Ot
| ess thano amo n fprexmmpte (<x, 9>l N INrfb<e/y ,she i s,

set of all ordered pairs of natural numbers such that the first is less than the

second.

Our treatment of relations is thus, like our treatment of sets, extensional, in that
we regard relations as identical if they hold between exactly the same objects.
Thus if the members of the gym squad are lined up in order of height from left to
right, we consider the relation being to the left ab be the very same relation as
being taller than

There are a number of properties which dyadic relations may have or fail to have
and which have been thought worthy of a name. We shall need only the following
three, where the variables X, Y, zrange over the field of R (the set of objects
between which R holds or fails to hold). Ris

reflexive iff " XXRX
symmetric iff "X'y(xXRy- yRX
transitive iff "X'y'z(XRydyR2- xR2

If one line is parallel to another, then the two lines have the same direction. If

Jack balances against Jill, then Jack and Jill have the same weight. But if Jack

|l oves Jill, it notoriously doesndét f
i's it about the relations of parxalle
bears Rtoyd KXaadyéhare thesame F6 ? T O r thasuestioa we need the
concept of a partition. A partition of a set is a subdivision of it. Thus, for

example, if a, b,  fére distinct objects a possible partition of the set {a, b, c, d,

e f} would be givenby {{a, b, c}, {d}, {ef}} . Mor e formally, @ is a
partitionofasetSi f f @ i s a collection of Shronempty p
whose union is S

ol l ow t
l i sm an

Now |l et @ b& aampdaradnsioheroft he rel ation Obe
member of @ as 06 ,RNabthattRhs: we shall call

reflexive: forxinSxb el ongs to the %same member of @ as
symmetric: ifxb el ongs t o t he gtemegbeling ttheessame of @ a's
member »f @ as

transitive: ifxb el ongs t o t he g adrybelongetonheceame of @ as

me mberaspthenx® el ongs to the ®same member of @

A relation having these three properties is called an equivalence relation Now
not only does a partition induce an equivalence relation; the reverse is also the
case. If Ris any equivalence relation with field S then there is a corresponding
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par t i t $socinthatdor xyin S X bears Rto yiff X and y belong to the same
member of @

Proof: For any X in § define its R-equivalence class as {y| XR)}. By reflexivity
x| {y| XR)}, so the equivalence classes are non-empty and together cover S it
remains to show that equivalence classes which overlap coincide. Let {y| XR)}
and {y| ZR}} have a common member a so that XRaand zRa By symmetry aRX
and then by transitivity ZRx If wi {y| XR)} then XRW so by transitivity again
zRwi.e. wi {y|zRy}. Thus we have shown that {y| xRy} 1 {y| zRy}; a parallel
argument shows that {y| ZR)}] {y| XR)} and thus that {y| XR)} ={y| ZR)}.

Another way of looking at it: consider the objects in the field of a relation as

Opoi ntso6 i n Ato\ywstha@aereyaff, the @lation hgldobetween X

andy. ( This represents our binary relatio
reflexive, all points are joined by loop-arrows to themselves. If it is symmetric,

all arrows are double-headed. And if it is transitive, for any arrows leading from X

toyand fromytozt her e i-csutad Oasrhroorwixtdz Rutenglll y f r om
this together we see that an equivalence relation divides up its field into internally

completely bonded but externally unconnected subclasses:

G I
For further discussion, see Wilfrid Hodges - Logic §§ 31-33.

Functions

The concept of function, or mapping, is perhaps the most important idea in

modern mathematics. Naively, a function is thought of as a rule or procedure (say

a computer program) which, given an object or argument, produces an object or

value of the function for that argument. As an example where arguments and

values are numbers, the square function gives us the value 0 for the argument 0,

the value 1 for the argument 1, the value 4 for the argument 2, the value 9 for the
argument 3, and so on. But note that fu
function which assignstoeve r y per son t hat personds mot
function.

The intuitive notion needs a little refinement. Firstly, we shall be considering
functions, like sets and relations, extensionally. Thus if two quite differently
constructed computer programs always give the same values for the same
arguments, we shall consider them as computing the same function. A function is
not so much a rule or method of computation but rather a pattern of results.

9
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Secondly, the idea of a rule (or program) may suggest that functions have to be

regular in some way. They dondot. We shall a
chaotic, in the sense of not being given by any finitely statable rule or program.

For example, consider a function which, for the argument 0 gives the value 7, for

1 gives 385, for 2 gives 1, for 3 gives 96,

piggeldy and without rhyme or reason, for ever It may be neither computable by

means of a finite program nor definable by means of a finite description (which is

nott he same thing, by the way), but itdéds a p

concerned.

The set of arguments for which a function is defined is its domain; the set among
whose members it finds its values is its codomainor target. The function is said
to be a function on its domain which maps that domain into its target. For
specifying functions the following notation of colons and arrows has become
standard:

f: X-Y means f is a function on X into Y, i.e. defined on the domain
X with values in the target Y.

Almost as standard is to use an arrow with a tail not between domain and target,
but between argument and value. Thus:

fix°Y y means f sends the argument X to the value .

Don't confuse maps intg- , with sends tp°Y . Thus, for example, to define f to
be the square function for natural numbers as arguments and taking natural
numbers as values, we might write: f: N Y N; n°Y n®. The value of f at the
argument X is denoted by f (X), or more simply fx. Thus if f: X°Y y we have

y=f(x).

In general a function is many-one it may send different arguments to the same
value, but has only one value for each argument. The picture to keep in mind is
something like the following:

Logicians and set-theorists usually define a function simply as a many-one set of
ordered pairs: f is a function iff f is a dyadic relation such that if <x, y>1 fand
<x,z>1 f,theny=zUnfor t unately, this isnét quite comj

10
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mat hemati cians who arené6t | ogicians use
the definition of a function as a set of ordered pairs the domain of f is extractable

as {X | SY{X, Yy I f}, we cannot in general extract the target. The set

{y| $x{(x, y) I f} of values taken by f, sometimes called the imageof f, may not

be the whole target; for example, with our square function, though we defined the
target to be N, only the perfect squares will occur among the values. Now it is
often useful, particularly in that branch of algebra known as Category Theory or
Abstract Nonsense, always to regard a function as attached to a specific target. So
when talking to category theorists we shall instead define a function as an ordered
pair <f, Y>, where f is a many-one set of ordered pairs and Y an appropriate target.

A function whose target is the same as its domain, f: X-  Xis called an
operation on the set X. Some functions are intuitively thought of as taking two
arguments at once. Addition, for example, is a function which sends two
summands to a sum. But our general definition of a function can cope with this by
regarding addition as a function defined on a domain, not of numbers, but of
ordered pairs of numbers. Thus, for example, the addition function on the real
numbers is SUM N x NY N:<n,m>°Y n+m. A function like this, f: X3 X-

X, is called a binary operation.

Letf: X- Y. Iff hits every member of its target, in the sense that for every yin Y

there is an X in X such that y =f (x), then f is said to be surjective, or a

surjection, and to map X not merely into but onto Y. (In defiance of orthography,
6ontobé is written as a single word in t
adjectived 6t he function is ontod. Note that
are working with the catedmdteadofbedng or i st o
merely many-one, is one-ong, sending distinct members of the domain to distinct

members of the target, f(X,) =f(X,) - X, =X,, then it is said to be injective, or an

injection. A function which is both injective and surjective is said to be bijective,

a bijection, or a one-to-one correspondencéetween its domain and its target.

The pictures to keep in mind are the following:

= ] ]
i |

Surjection Injection Bijection

11
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2. Arithmetic
Axioms for arithmetic

By arithmetic I shall always mean the theory of natural numbers 0, 1, 2, ... and the
usual operationsonthemd addi t i on, mul tiplication et
| ogiciansd name: other mathematicians

Our first problem is that of characterizing the structure of this system of objects in a
set of axioms. The intuitive structure we are trying to capture has been familiar to
everyone since infant school. There is an initial number, zero, and then each natural
number is such that it can be reached by counting out finitely far from zero, giving us
the picture:

0 > 1 > 2 —> 3 —>

So the basic idea is conveyed by:
Axiom 1 Zero is a natural number
Axiom 2 Every natural number has a unique successor.

Our first two axioms are not sufficient to guarantee an infinite supply of natural

numbers, because t h-enwarddpeoees domiggbackpo t he count i

where it has been before, as in either of the following two pictures:

*é * *é *

We rule the first of these out by:

Axiom 3 No two distinct natural numbers have the same successor
And the second by:

Axiom 4 Zero is not the successor of any natural number.

It should be clear that these four axioms now enforce an infinite supply of numbers:
the first two axioms give us a starting point and force us to count indefinitely
onwards, while the next two guarantee that in so doing we shall never return to
where we have been.

It is not too difficult to formalize our first four axioms in a first-order language. We
can build Axiom 1 into the | anguage by

Axi om 2 bgd aadso pat iunngardy f un c tl4cenmhendey mb o |
expressed as:

" X' yY(sx=SYA x)

12
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" X—(sx=0)
The axioms so far do not however guarantee that every number will be accessible by
counting far enough from zero. An Oarit|
have a full supply of natural numbers, but it may have lots of other rubbish as well.
Consider, for example, an darithmeticb wi

doubly infinite succession of extra objects:

0> 1> 2 > .. R R Y

How shall we frame, without circularity, an axiom which guarantees that each of our

Onatur al numbers6é6 can be reached by some
successor operation to zero? This problem is not trivial, and was first solved by

Frege in his Begriffsschriftof 1879. For our fifth and final axiom we shall go straight

into symbols, but this time into the symbols of secondorder logic:

Axiom 5 " X((X0@" x(Xx- XsX)- " xXx).

X6 h er e-placepredicatevareable Infirstor der | ogi cx6 goud v ar i
etc. ranged over the individuals of the domain. The only predicates we had were
constantsl i kG, 6and an i nt er p rpadeprdditate aisubsetpsS i gn e d

the domain. Our one-place predicate variables in second-order logic are thus
normally construed as ranging over every subset of the domain. Thinking of it that
way, here is Axiom 5 in English:

Every set of natural numbers which

(1) contains zero and

(2) whenever it contains a natural number also contains its successor
contains every natural number.

Note that t he s eumber®contaidsgeeorand is ¢losedunderat ur a l n
succession in this way, so our axiom tells us that the genuine natural numbers are all
the natural numbers there are.

We shall see in due course that the move to second-order logic is essential here: the
full work of Axiom 5 cannot be done if we stick to a first-order language.

[Exercise: X is an ancestor of y iff X is a parent of y or a parent of a parentofyo r € .
Using the idea behind Axiom 5, giveinsecond-or der | ogi ¢ a xfsi ni t e

s A

anancestorofyd i n terms of 6é is a parent of é6
The five axioms we have now assembled are generally knownasPeano 6 s, axi oms

and were stated by Peano in 1891. In fact Dedekind had stated them three years
earlier, and as we have seen the central idea in them is due to Frege.

13
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Mathematical Induction

Hereb6s another way of reading the f

zero and whenever itds true of a nat

successor is true of every natural number. Thinking of the axiom in this way is
perhaps more indicative of its main use, namely the justification of the standard form
of proof in arithmetic, mathematical induction. A proof by mathematical induction
proceeds as follows:

1) We prove that something holds for 0.

2) On the assumption (O6inducti on nh
(6induction variabled), wenprove th
3) We conclude that it holds for all natural numbers.

This procedure is clearly justified by Axiom 5. Indeed Axiom 5 is often called the
6i nduction axi omo.

Closely related to mathematical induction is the recursive definition of arithmetical
functions. We define a function by giving the value it takes at the argument 0
together with a general rule leading from its value at an arbitrary argument n to its
value at sSn For example, the factorial function may be defined by the stipulations:

0r=1
(sn!=n!3sn

Addition and multiplication may be defined in terms of the successor function as
follows:
m+0=m
m+sn=s(m+n)

m3 0=0
m3 sn=(m?3 n)+m

Heremi s an arbitrary but tempom@athe |y
induction variable. Such stipulations define a unique function in each case. This can
be proved by mathematical induction: in each case the first equation defines a unique
value for the argument zero, and the second equation, assuming that the function is
defined uniquely for n, defines it uniquely for Sn So it is uniquely defined for all
natural numbers.

Defining a function in this way also gives a calculation procedure. Here, for
example, we use the recursive definition of addition to calculate 2+2, thereby
proving that 2+2=4:
s9 +s9 =s(sD +50)
=s9qsD+0)
=sss8.
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As a simple example of a proof by mathematical induction, we prove the
associativity of addition: that for all m, n, p we have (m+ p)+n=m-+(p+n). Take
mand p as fixed and n as the induction variable. Then:

(M+p)+0 =m+p [definition of 6+0]
=m+(p+0) [definition of 0+0]
(Mm+p)+sn =s(m+p)+n) [definition of 6+06]
=gm+ (p+n)) [induction hypothesis]
=m+s(p+n) [definition of 0+0]
=m-+ (p+sn) [definition of 0+60]

Secondorder formalization

Using seconéborder logic, we can reduce recursive definitions to explicit ones. Thus
forex amp+yeEz® coul d be regarded as shorthan

" W((WOX @" u' v(Wuv- Wsusy)- Wy@.

He rVdd G s-plae ptedicate variable (ranging over all binary relations on the
domain), and what the sentence says is that the ordered pair {y,z} belongs to every

set of pairs which contains {0, X} and whenever it contains a pair {U,V) also contains
{sus\}. The smallest such set is {(0, X, X+ 10,2, x + 2),...} :{(y, x+yy|yl N},
and {y,z} can only belong to that if Xx+y=2.

Thus it might seem that we could do the whole of arithmetic using second-order

logic and a language whose only primitive symbols were the constant 6 0 6, t he wuna
functi osd,sytnhbeoli ddent ity sy mkooyo 60 =0, predi ¢
var i xbNoeed 6. ., truth functional connectiyv

Unfortunately, there is a snag. As we shall eventually see, the completenesbéorem

fails for seconebrder logic This means that something may be semantically entailed

by our axioms without us being able to prove it from those axioms. Indeed many

people argue that o6élogicd ought tukes mean ;
forfirstor der | ogic) and i f tiwatdees whatgi @ldo gvio
really be logic at all.

In consequence arithmetic (and mathematics in general) is always done in first-order

logic. So we now turn to the problem of seeing just how far we can get formalizing
arithmetic in first-order logic.

First-order arithmetic

Wetake firsttor der | ogic with identity and the i
functi osd sfyomboslucéoicessor, of cour suee, but w
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the second-order technique for reduction of recursive definitions to explicit ones is
no longer available. In fact it turns out to be sufficient (in a sense we shall come to in
due course) just to add two-place function symbols for addition and multiplication:

60+06 2dndaad webll follow the wusual mat hemati c
bet ween thextyd amrgbhme@nt Adopdioch bEdi DS tamae o
first two Peano axioms into our | anguage. We
next two as:

" X' y(sx=syA x=y)
" X—(sx=0)

We adopt the recursion equations for addition and multiplication as additional
axioms:

"XX+0=X

" X' yx+sy=s(x+y)

"xx30=0

" X' yx3 sy=(x3 y)+ X
Now what about the fifth, second-order Peano axiom? Well, we replace it by an
axiom schena, that is, a rule for writing infinitely many axioms. Consider our proof
above of the associativity of arithmetic. In that proof we argued that if
(m+p)+0=m+(p+0) and
"n((m+ p)+n=m+(p+n)- (m+p)+sn=m+(p+sn)then
" n(m+ p) +n=m+ (p+ n). So the following axiom would have done the job:

"y z[((y+z)+0=y+(z+0)®" x((y+z)+x=y+(z+ x)- (y+ z)+sx=y+(z+sx)))
"x(y+2)+x=y+(z+x)]

This axiom has the following form. We take a formula/ (X) cont ax6nifmge6 (her e
it was t(yez#xeyn{pHx® e then write:

(@2 x( - /&) "% )

and form what i s c ad liceptkfixtthtfermuba bynmiverealr sal c¢cl osu
quantifiers corresponding to the other free variables in / (X), thus getting a closed
formula (sentence). Our rule for generating axioms is thus:

Iffj(xX)i s a for muxba faeret, aithiemgthe universal cl o:

(Q 02" x( (x)- / (X)- "%/ (X)) is an axiom.

This schema does nothave the full force of the second-order induction axiom. The
second-order axiom says something about everyset of numbers. What each instance
of the first-order schema does is say the same thing about a particular set of numbers,

16
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namely the set {x|/ (X)} defined by the formula / (X). Because not every set of

numbers is so definable, the schema is strictly weaker than the second-order axiom.
However, the schema supports every instance in which we might want to use
mathematical induction, since of course we will only want to use it for properties of
number we can define in our language.

It may seem odd to have infinitely many .
axiomatizing a branch of mathematics as
we must be able to check whether a purported proof in the system really is a proof or

not. Well, given a string of symbols purporting to be an instance of the first-order

induction schema, we can mechanically check whether it is or not. So given, say, a

purported tree proof of a conclusion from our first-order axioms, we can check

whether they really are all axioms before going on to check (also mechanically)

whether the tree rules have been followed correctly or not.

The axiomatic system defined by these 6 + infinity axioms (8 + infinity really except

that we built the first two into our language)i s what i s today nor mal
Ar it hmet i c 0 firt-onderPe amtor iAatiltyhmet i c6, since
original Peano axioms were second order), or PA for short.

17
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3. First-order logic

[This section is essentially just a recapitulation of things that should be pretty
familiar from Formal Logic 1 (except that you may not be familiar with function
symbols), but in the symbolism and with the vocabulary I shall be using.]

Syntax
The lexicon of a first-order language consists of:

ForeachnO0 a set ( whi crplacapradicdtes 0-péaca pradiyales o f
are called sentence lettersFor predicates we shall use upper-case Roman letters.
ForeachnO0 a set ( whi crplacafunctiobsymbelsnpptacg ) o f
function symbols are called (individual) constants( J ef f r ey : O mtcamme s 6) . For
symbols we shall use lower-case Roman letters from the beginning or middle of the
alphabet.

An indefinitely expansible supply of (individual) variables. For variables we shall

use lower-case Roman letters from near the end of the alphabet.

The identity symbol =.

The connectives—, @ U, - ,and 2 .

The quantifiers " and $.

Parentheses (, ) for punctuation.

Terms:

l. A variable is a term.

2. An n-place function symbol followed by n terms is a term (in particular any
constant is a term).

3. (closure condition): nothing is a term except as determined by (1) and (2).

Atomic wifs:

l. An n-place predicate followed by n terms is an atomic wff (in particular any
sentence letter is an atomic wf¥).
2. The identity symbol flanked by two terms is an atomic wff.

Any occurrence of a variable in an atomic wff is free.

l. Every atomic wif is a wif.

2. If/,y arewffs,soare x/,( @y) (¢ Uy),( - y)and(f 2 y).!
Occurrences of free variables stay free.

3. If / () is a wff in which 77 occurs free, then " 77/ (1) and $1/ () are wffs,
in which all occurrences of /7 are now bound (but other free occurrences of
variables remain free).

4. (closure condition): nothing is a wif except as determined by (1), (2) and (3).

! Technically speaking I should be putting these in cornerst 0 s how | ém menti oni
rather than using them, but I omit these for clarity.
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In practice we shall omit outer parentheses and also parentheses in repeated
applications of @and U. We also omit further parentheses by adopting the convention
that — is stickier than @and U, which are in turn stickier than - and 2 . The
semantic rules below mean that the scope of quantifiers is taken as narrowly as
parentheses allow, so, for example, " XFx- xP UFa means

(" xFx)- ((xP)UFa).

A wff with no free variables is a closed wffor sentence

Semantics

An interpretation of a first-order language (sometimes called a structure for the
language) is given by specifying a non-empty set D, the domain of the
interpretation, together with a function which:

to every individual constant assigns a member of the domain

to every sentence letter assigns one of the values TRUE, FALSE.

To every n-place predicate letter (n>0) assigns an n-ary relation on D, i.e. a set of
ordered n-tuples of members of D (in the case of one-place predicates we can take a
0t upl ed to be | ustuplesisjustesabseeoftlic dom&nh Thz s et
is called the extensionof the predicate.

To every n-place function symbol (n>0) assigns an n-ary operation on D, i.e. a
function on D" into D, i.e. a function taking any ordered n-tuple of members of D to
a member of D.

An assignmentof values to variablesfor an interpretation is a function which
assigns to every variable a member of D.

The denotation | of a term 7 under an interpretation and at an assignment is
defined recursively by:

l. If ¢ is an individual constant, |¢| is the member of the domain assigned to
that constant by the interpretation.

2. If ¢ is an individual variable, || is the member of the domain assigned to that
variable by the assignment.

3. If ¢ is of the form / S,...5,, with / an n-place function symbol and the S,

terms, then |f| is the member of the domain which results from applying the
function assigned by the interpretation to / to the n-tuple (|sl|...|s n|> .

The truth value of a wff under an interpretation and at an assignment A is defined
recursively by:

1. The truth value of a sentence letter is that assigned to it under the
interpretation.
2. An atomic wff of the form / S,...5, with / an n-place predicate and the S,

terms is TRUE if the n-tuple (|sl|...|s n|> belongs to the extension of / , and is
otherwise FALSE.
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3. The truth value of an atomic wff of the form s =¢ is TRUE if |s]| is the same
member of the domain as |f|, and otherwise FALSE.

4. The truth value of a wff built up by connectives (clause 2 of the syntax
above) is determined by the truth values of its constituents as in propositional
logic.

5. " nj (n) is TRUE if j (n) is true at every assignment which differs from A, if

at all, only in what it assigns to /7, and otherwise FALSE.
6. $nj (n) is TRUE if / (1) is true at some assignment which differs from A, if
at all, only in what it assigns to /7, and otherwise FALSE.

For a given interpretation, these rules in general only assign a truth value to a wif
relative to an assignment of values to variables, but it should be clear that this truth
value depends only on what the assignment assigns to the free variables of the wif.
(What gets assigned to variables whichd on 6t occur i n the
and the rules for " and $ obliterate the effect of what is assigned to bound variables.)
Thus the truth value of a closed wff (sentence) is independent of the assignment, and
we can simply say that the sentence is TRUE or FALSE under the interpretation. An
openwff (one with free variables) will in general be true for some assignments and
false for others, but should it be true under a given interpretation for all assignments
we shall allow ourselves to say that it is true full stop.

Let Gbe a set of sentences. An interpretation under which every member of Gis true
is said to satisfy or be a model for G Gis satisfiableif some interpretation satisfies
it and otherwise unsatisfiable [If Ghas only has one member, G =#}, then we say
that f is satisfied/satisfiable/unsatisfiable.]

A sentence which is satisfied by all interpretations is said to be a logical truth.
An unsatisfiable sentence is called a logical falsehoodor contradiction.

Let Gbe a set of sentences and 7 a sentence. Gentails 7, or the argument from
premises Gto conclusion 7 is valid iff every model for Gis a model for 7. We use
the symbol [, to report entailment: G= 7, and to report that £ is a logical truth we
simply write [F 7. Two sentences f, ) which are true under exactly the same
interpretations, i.e. such that 7 F)y and y [ 7, are said to be logically equivalent
and we report logical equivalence thus: F =[F y.

Comparison with Jeffrey

Jeffrey spreads the syntax of first-order logic over §§3.5, 4.5, the first page of chap. 5
and §6.1, but his version is essentially the same as ours.

Jeffrey spreads the semantics over §§3.9, 3.10, 5.6 and 6.2. He uses a slightly
different account of the quantifiers (see p. 51 rules 6a and 6b) 0 in effect he says
that " 77/ (1) is true under an interpretation iff however we extend that interpretation
to a new name n, / (n) comes out as true (where of course / (n) is the result of
replacing the free variable /7 by the name nin / (7).

20
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Other usages

Should you look at other books, be warned of the following:

Some authorsuse Fn ot as we do to mean Oentail so
and write A F7 to mean the interpretation A is a model for the sentence 7 . And
some people use it both ways, hoping that you will pick up from context which way
is meant.

I have only defined entailment and related notions for sentences. The definitions can
be extended to wffs with free variables, but there are two ways of doing this. Some
books define a set of wffs Gto entail a wff f iff for every interpretation under which
all the members of Gare true 7 is also true (remember an open wff counts as true
under an interpretation only if it is true under all assignments, in other words only if
its universal closure is true), whereas other books define a set of wffs Gto entail a
wif f iff for every interpretation and assignmeninder which all the members of G
are true £ is also true. Using the first definition we have Fx|= Fy, indeed Fx |= “yFYy,
but using the second Fx |=FXbut =(Fx |- Fy).
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4. Soundness, Completeness, Compactness

Our logical system will consist of the language of section 3 plus the tree rulesfor proof.

This section assumes basic familiarity with the tree method, butif y ouger e no't

familiar withittd on o6t pani c! There wild]l be a whole cl
proof, and everything you need to know will be available in the slides, which (as

always) will be posted on WebCT.

Notation:

GF £ the set of premises Gentails the conclusion £ 8 i.e. every model for Gis a model
for 7.

GF £: the conclusion £ is derivable from the set of premises G3 i.e. the tree rules
enable us to prove / from G3 i.e. the tree from GG {x 7} closes.

To say that the tree rules are soundis to say that if G| 7 then G f: if our tree rules
allow us to prove a conclusion from premises then it really does follow from them.

To say that the tree rules are completeis to say that if GF f then G| 7: if a conclusion
is entailed by premises then the tree rules allow us to prove this.

We also prove that first-order logic has the compactnesgroperty: if GF= 7 then for
some finite subset D of Gwe already have D F £.

Note that G[= f iff GG {x £} is unsatisfiable, so:

Soundness amounts to: if a tree closes its root was unsatisfiable.

Compl eteness amounts to: iif a tree doesnodot c
Compactness amounts to: If an infinite set of sentences is unsatisfiable, then so is some

finite subset (or, counterposing: if every finite subset of a set of sentences is satisfiable,

then so is the whole set).

For simplicity, in the proof that foll ows we
the language are —, @ " and =. (Extension of the proof to the remaining symbols U -,
a | $ presents no extra challenges.)

We use 7, y to range over wffs, /7 over variables, & over individual constants, and S, ¢
over closed terms (i.e. individual constants or terms built up from them using function

symbols).

Our tree rules are:

1 2 3 4 5 6 7 8 9

-f -0=U0 —Ff f@y x(f@ay) x"nf(n) "nf(n) s=r S=r
f 8 ) 5 B 5 5 £(t) (s)

) 3 f f /o xfla) () o o

3 y of -y f(s) f(¢)

In rule 6 (our version of the rule for $) a is to be a newindividual constant. Rules 3-6
are only applied once to their leading wff which is then checked off, whereas rules 7-9
can be multiply applied.
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For our soundnessgroof we need truth to be preserved running down(a branch of) the
tree. In the case of rules 3, 4, 7, 8 and 9 if the premises of a rule are true, then so is what
gets written below it; for rule 5 if the premise is true so is what gets written below it on
at least one branch, and for rule 6 if the premise is true then there is an interpretation of
the expanded language (new individual constant) making what gets written below it
true.

For our completenesgroof we need truth to be preserved running up (a branch of) the

tree. I n the case of MWl eas e3 trdieandedm isfo
abodé; 6in the case of eitharbragch ibtrue then sonshwhat is
lies above. Rules 8 & 9 areslightly di f f erent in that 1itds no

but rather upwards in terms of logical complexity: if the atomic wffs =¢ is true then if
either of the wffs below it is true then so is the other. The tricky case is rule 7: if every
object in the domain of discourse has a name and it has been applied to every name then
the totality of results thus produced bring with them the truth of the original universal
quantification.

Proof of soundness (relatively easy): If there is an interpretation making the root of the
tree all true, then each application of one of the rules 3-9 preserves that fact for at least
one branch. But a closed branch cannot be true, so if the whole tree closes there cannot
have been an interpretation making the root true.

Proof of completeness (quite a lot more difficult):

If the tree does not close then either the tree finishes with a finite open branch or the

Write the denial of the
conclusion

apply the rules 3,4, 5, 8, 9 :
for truth functions and «— | addapremise to the root
identity as often as possible if there is still one to add

A

!

apply rule 6 (existential
quantifier) as often as

possible

apply rule 7 (universal
quantifier) as often as
possible, but using only
closed terms with at most n
function symbols if this is
the nth time round
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tree goes on for ever with (K°nigbs | emma)
construct from that branch an interpretation satisfying all the wffs on it (and thus all the

wifs on the root). To guarantee a branch which achieves this, we use the tree rules via

the following flowchart

(adapted from Jeffrey p. 91, but modified to allow for the case of perhaps infinitely

many premises f,,7,,f;,...so that we get the compactness result as well).

The idea is that we keep on going round the loop until either (1) the tree closes or (2)
there are no further moves to be made (in particular all the premises have been used, no
new individual constants are being created by rule 6 and there are no function symbols
so rule 7 is exhausted as well) @ in that case we have a finite completed open branch or
(3) we go on for ever, thus having an infinite open branch. We now show how an open
branch determines a model in which every wif on it (and thus every wff in the root) is
true.

Note that at any stage of construction the tree is finite, so each journey round the loop
only takes finitely many steps (the restriction on the application of rule 7 guarantees
that). But note also that since we keep going round, every premise eventually gets
added, every wff on the open branch eventually gets the appropriate rule applied to it,
and in the case of a universally quantified wff, for every closed term, rule 7 eventually
gets applied to that wff for that term.

We now (1) produce a model making every atomic wff on the open branch true and (2)
show that if every atomic wff on the branch is true, then every wff on the branch is true.

We are going to define a model in which (1) any atomic formula which occurs in the
branch is true, and every atomic formula whose negation occurs in the branch is false,
and (2) every object in the model is denoted by a closed term appearing in the branch.
We can then argue by an induction on the logical complexity of wffs that every wif on
the branch is true:

If X % occurs, then rule 3 has been applied to it, thus £ occurs, is (induction
hypothesis) true, so X Xf is true.

If F @y occurs, then rule 4 has been applied to it, thus both f and y occur and are
(induction hypothesis) true, so f @y is true.

If x (f Qy) occurs, then rule 5 has been applied to it, thus at least one of =/ and ~y
occurs and is (induction hypothesis) true, so x (f @y ) is true.

If x "nf(n) occurs then rule 6 has been applied to it, so for some constant a, x f(a)
occurs and is (induction hypothesis) true, so x "nf(n) is true.

If " nf(n) occurs then for everyclosed term ¢ rule 7 has given 7(¢), and these are

(induction hypothesis) all true. But since every object in the domain is denoted by a
closed term, that means " 777 (n) is true.

The construction of the model in which all closed terms denote and all atomic wffs get
the right truth values is complicated by the presence of function symbols and identity.
Jeffrey defines an interpretation on the domain of (nonzero) natural numbers and the
description of it on pp. 92-3 is a bit unclear. The model I shall define has as its domain a
class of sets of closed terms of the language.
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Consider the set of all closed terms which occur on the branch. And consider the
relation which holds between every term and itself, and also between the terms S and #
iff s =t or t =S occurs on the branch. This is easily seen to be an equivalence
relation. (Transitivity is guaranteed by rules 8 and 9, e.g. if § =7 and 7 = r are there,
rule 8 will have given s = 7 .) We shall take the equivalence classes generated by this
relation to be the objects of our domain, and interpret the function symbols in such a
way that each term denotes the equivalence class to which it belongs. Call the
equivalence class to which ¢ belongs [#] and stipulate that:

Each individual constant & is to be interpreted as denoting [a].
The n-ary function symbol ¢ is to be interpreted as taking ([t‘ | ],[l‘n]> to [C(l‘l, 4 n)]
(The second of these stipulations is unambiguous because rules 8 and 9 guarantee that if

[s.]=[t.] --[s.]=[¢t.] then [c(s],...sn)] = [c(tl,...z‘n)].)

Note that these stipulations make every atomic wff of the form s = true iff it occurs
on the branch (so if = 0 = Uoccurs it will be true too, since, the branch being open,
S =1 cannot occur).

Now interpret each n-ary predicate letter p as true of exactly those ([t‘1 ],[l‘n]> such that

pr,,...t, occurs on the branch. Again the stipulation is unambiguous because of rules 8

and 9, and now every atomic formula is true iff it occurs on the branch, and any
negation of an atomic formula which occurs on the branch is also true. We are done.

We have shown that the tree closes iff the conclusion is entailed by the (perhaps
infinitely many) premises. But of course if the tree does close, it closes after some finite
number of steps, and thus after only finitely many premises have been used. Thus
anything that follows from an infinite set of premises already follows from some finite
subset, which is compactness.

An example may help to see how a model is constructed from an open branch.
Suppose we try to prove " XGfX from the premises " X ffx =a and Ga We will fail;

the tree does not close, and we get an infinite open branch:

"xffx=a
Ga
x" xGfx
x Gfb
ffa=a
ffo=a
Gffa
Gffb
ffb = ffa
fffa=a
fffo=a

fa=a [from fffa=a and ffa=a]
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Gfa
Gfffa
Gfffb

For every nO Owe eventually get f"'a=a, f"’b=a, Gf"a and Gf""°b. For the
objects in the domain of our model we thus take the equivalence classes:

[b] = {b}
[ 0] = { b}

[a]={a. fa, ffa, fffa,..., ffb, fffb, ffffb,...} .

We interpret f as a function taking [b] to [fb], [fb] to [@] and [@] to [a], and we
interpret G as being true of [a] but false of [b] and [fb]. Thus we get the following
model, in which the arrows indicate the interpretation of f and the circle the
interpretation of G:

[b] F—> [fb]

It should be clear that in this model all the formulae on the branch 0 i.e. in this case
the tree & are true.
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5. Categoricity

A (first or second order) logical language is determined by giving a set of individual

constants, predicates and function symbols. Thus for example, the appropriate

language for second-order Peano arithmetic is the second-order language with the
constant 06006 and tde wmar y hfenguag forifimp r $ @mie
order Peano arithmeticisthe first-or der | anguage with the con
functi osd,s yambdepllt aéee tfwonct i orfd symbto !l wi | 16 +1©
come into this course, but the appropriate language for set theory is the first order

language withthetwo-p | ac e plrbedi cat e O

A set of sentences in a given language is said to be categoricalif it determines up to

isomorphism a unique model, i.e. if any two models for the set are structurally
identical. (Of course ités only O6up to is
determine whatis being talked about, but only the patternof functions and relations

on the domain.) More rigorously: two models M and M* with domains D and D*

respectively are isomorphic iff there is a bijection h: DY D*; x°Y x*, such that:

9 If an individual constant denotes X under M, then it denotes X* under
M*,
T An n-place predicate is true of {x,,...x,} under M iff it is true of

{X*,...x, *} under M*.

1 If an n-place function symbol is interpreted as taking (Xl,...xn) toy
under M, then it is interpreted as taking (X1 X *) to y* under M*.

Seconebrder Peano Arithmetic is categoricdlhis should be obvious from our

discussion of the axioms (they were devised to give precisely this result), but for

anyone who wants it, | etds give the out]l |
for the axioms with domains DandD* , | et t he r e foeeFamint of 00
under M*be@* , sbebedi ntfeD-pD emdereVdandassf*:D*- D*

under M*, and define h: D- D * by the stipulations:

. h(@)=2*
2. For all xin D, h(f(x))= f* (h(X))

A Y A Y fi(A))é

®h ®h ®h
A oY AYY @A) ) é

Then:

By the fourth Peano axiom (zero is not a successor), applied to M, h is uniquely

definedfor@( c |l ause 2 @a@-Bubetssorp Ang Uy the thirdPeaao

axiom (the successor function is injective), ifhisuni quel y defi ned for
M then his uniquely defined fort h at  nsmceekse. Thsyinduction axiom) h

is uniquely defined for éwdry Onumber d o
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By the fourth Peano axiom applied to M*, h sends a unique member of D to @*, and
by the third, if h sends a unique member of D to y then it sends a unique member of
Dto f* (y): by the induction axiom it thus sends a unique member of D to every

member of D*.

Thus h s a bijection, and from its definition it is trivial that it preserves zero and
succession.

Since second-order arithmetic is categorical a sentence true in any model is true in all

models. We shall say that a sentence of arithmetic is true iff it is true in the (up to

isomorphism unique) model defined by second-order Peano arithmetic. (We can

apply this defi nit i o-ordeafithmétit as wek, fincetfoo s ent ences
any such ¢6stanbdmeddbcmbdbdetlteowi Btri be only one
anéd whi ch makes the recursion equations for

Now we come to the main point:
First-order Peano Arithmetic is not categorical

Add to the language of first-order PA anew indivi d u a | co nssndanadjéoi n t he
following infinite set of new axioms:

'c, 0,'c, S0,'c, s9','c, ss9,'c, sssh'.... Then (surprisingly) the expanded

system is still consistent. For by compactness, if it were unsatisfiable/inconsistent,

then so would be some finite subset. But: the set of all the axioms of PA plus any

finite subset of the new axioms is satisfiable in the standard model: just interpret C as

any number that it is not said in the finite set not to be. So the whole expanded

system is satisfiable. Clearly any model for the expanded system is nonstandard (for

cmust be interpreted as an object differing
But equally obviously any model for the expanded system is also a model for PA. PA

thus allows non-standard models, modelswi t h extra rubbish beyond t
natural numbers. The axioms of PA do notdetermine a unique structure.

This is not the fault of the particular axioms we have chosen, however. Indeed the
above argument goes through if we adjoin our new axioms not just to PA but to the
set of all firstorder arithmetical truthsThere are non-standard models in which
every truth of arithmetic expressible in first-order logic is still true.

In showing that first-order PA is not categorical, we have thus notshown that it is

incompleteSome definitions: a first-order theory is a set of sentences in some first-

order language which is closed under entailment, i.e. which contains all its

consequences. (In virtue of the completeness theorem for first-or der | ogi ¢ it does
matter here whether we refer to entailment or derivability). Any set of axioms

determines a theory, namely the theory consisting of all the consequences of the

axioms. A theory is completeif it decides everything which can be expressed in the

language, i.e. if for every sentence of the language, either that sentence or its

negation belongs to the theory. Clearly the set of all truths of first-order arithmetic is

a complete theory, even though it is not categorical. And for all we know so far, first-

order PAmaybet hi s compl ete theory. (I'n fact it 1isn
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sentences of arithmetic which do not follow from the axioms of PA, but to prove that
we shall have to prove G°del 6s theorem.)
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6. Primitive recursive functions

We start by defining a class of functions, the primitive recursive functions, which
is, roughly speaking, the class of all those functions whose definition can be given in
the style of the recursion equations for addition and multiplication. Any arithmetical
function which one encounters in practice will belong to this class. We shall see that
just as the recursion equations for addition and multiplication give an obvious (if
tedious) procedure for calculating sums and products, so the definitions of these
functions will generate procedures for calculation. However, we shall then show that
the primitive recursive functions do not exhaust the class of mechanically
computable functions.

We start with certain very simple primitive functions, and then give two rules for
defining new functions in terms of old ones.

Wedl |l take the successor function and the ze
zero: ZX) = 0. We shall need functions of more than one variable; for basic

bookkeeping with these we shall need the projection functions, i.e. forallnO1 an d

1 &M a function p) defined by the equation p{ (X,,...x,) = X, [Instead of writing

X,» ,Xx,weodl |l someas mésewrot@& notation for a str
length can usually be left unspecified.]

We can form new functions by composition from functions already introduced: if g
is a well-defined mrary function and f,,» f are well-defined n-ary functions, then

we can define the n-ary function h by h(Xl, » ,Xn)= g(f1 (xl, » ,Xn)» , fm(xl,» ,Xn)).
It is clear that the calculation of h always terminates; to calculate h(X) we first

calculate all the f, (x) (and we know they terminate) and then feed the results into g
(and we know it terminates).

In particular, this already gives us all the constant functions, e.g. the function which
takes every number to 1 is defined by f (x) = s(z(x)).

Our principal method of building up new functions, however, is by primitive
recursion:

For n2 0, f an n+2-ary function and g an n-ary function, define the n+1-ary function
h by:

h(x,0)=g(x)

h(x,sy)= f (x.y,h(x.y)).

h is said to be defined from f and g by primitive recursion. A function is primitive
recursive if it is definable from zero, successor and projection functions by finitely
many compositions and primitive recursions. Thus, for example, in our present
notation addition is defined by:
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+(x.0)=p} (x)
+(x57) = 503 (% y.+ (%))

A relation R(x) is primitive recursive if its characteristic function:

€0 if R(x)

Galx)= : 1 otherwise

i's primitive recursive. [ Not e: I am here
positive result and 1 for a negative one; other mathematicians usually do it the other
way round.]

The primitive recursive functions are, loosely speaking, those computable functions
where it is relatively straightforward to see that their computation eventually
terminates. Indeed, FACT: there is an interesting alternative characterization of the
primitive recursive functions as those functions which can be calculated (by a
program in a language like Pascal or C, say) using FOR loops, but no WHILE or
REPEAT UNTIL loops (so for any loop there is a bound we can see in advance to
how many times we will have to go round it).

But not every computable function is primitive recursive. Consider an infinite list
consisting of all definitions of unary primitive recursive functions, laid out, say, in
dictionary order. Call the function defined by the nth definition f_,. Now define a

new function f by the stipulation:

f(x)="f (x)+1.

f is clearly computable: to compute it for argument X we construct our list of the p.r.
functions as far as the xth, apply the xth function to the argument X and then add 1.
But f cannot be a function which occurs on our list, since for every X it differs from
the xth function on the list in what it assigns to X.

This argument is our first example in the course of what is known as a diagonal
argument. If we consider a two-dimensional array where the nth row represents the
nth function and the mth column the values for argument m, the new function is
constructed from the 6diagonal 6:

LO LD L) 1)
(0) LD 1) 106)
LO) L0) LD LE)
LO) L) L) LO)

We are said to have proved that the primitive recursive functions do not exhaust the

computable functions by 6édiagonalizing ol
0di agonal argument 06 i sthissostefstructure. Mosttoh y ar g u |
the great results of mathematical logic, i ncl udi ng G°del 6s theor

diagonal arguments.
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At this point I cannot resist a three-page digression which is not essential to the

course, but fun. Here is another interesting diagonalization out of the class of p.r.

functions. Consider the sequence of functions: addition (repeated successor),

multiplication (repeated addition), exponentiation (repeated multiplication),
superexponentiation (repeated exponentiation

Ly)=x+y [100)=x f,(xsy)= st (xy)]
0)=xey [100)=0.1(esy)= 1,6t ))]
Liy)=x [60c0)=11,(sy)= 1 (e f.ley))

i
gy times

)= b [=xn )= s ())

These functions form the Ackermann hierarchy. Each such function is primitive
recursive, being defined by primitive recursion from the one before. It is relatively
easy to prove that the functions are all monotonically increasing in both variables,
and each increases faster than its predecessor. It is less obvious, but still not really
surprising, that (FACT:) any particular primitive recursive function h is eventually
outstripped by some member (and thus all further members) of this hierarchy, in the
sense that $n$x (" y2 x)h(y,y,y,» ) < f.(y,y). (The proof is by induction on the

definition of h.)

X

We can now collapse this infinite sequence of binary functions into a single ternary
function a defined by a(n,x,y) = fn(x,y). This is the Ackermann function. Clearly,

for any primitive recursive function h, a outstrips h in the sense that
$Z(" y?2 z)h(y,y,y, » ) < a(y,y,y) (Just take z to be the maximum of X and n in the

previous result). Thus a cannot itself be primitive recursive, but a is effectively
computable, and the computation always terminates (to calculate a(n,x,y) just

calculate f, (X,y)). Although a is not primitive recursive, its definition can easily be
given by a set of recursion equations:

a(0,x,0) = x
a(1,x,0)=0
a(2,x,0)=1

a(n+3,x,0)=x
a(0,x,sy) = sg0,x,Y)
a(snx,sy) = a(n,x, a(snx, y))
They are a little bit messy because of the different starting points for the first three f,

(x+0=xx3 0=0x" =1), but the crucial equation is the last, which involves a kind
of nestedrecursion not reducible to primitive recursion.
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I have introduced the Ackermann function because it was historically the first
computable function proved not to be primitive recursive. But in fact the variable X
in the above is not doing much work, and we can define by a simpler nested
recursion a binary function p, the Péter function, which, like the Ackermann
function, outstrips every primitive recursive function:

p(0.y)=sy
p(sx0) = p(x1)
p(sxsy)=p(x.p(sxy))

The Péter function can also be thought of as arising from a hierarchy of ever more
rapidly increasing primitive recursive functions, namely we define g, to be the
successor function, and then define each further function in the hierarchy by

primitive recursion from the preceding one by gsn(O) = gﬂ ), gsn(sy)= g(gsn(y)).
p(x,y) can now be defined as g((y) This again gives us a procedure for calculating

p(n,m) via the recursion equations for gn(m) 0 aprocedure in principle of course,
since the numbers soon become unfeasible. The first few ¢ come out as:

6,(v)=sy

aly)=y+2

gz(y): 2y+3
g(y)=2""-3

g(y): 2’ y -3

so that we already have gS(O) = g(l) =65533 and 9(2) =2°%% _ 3, a number of
grotesque proportions.

Let us prove directly from the recursion equations that the calculation of p(X,y)

al ways terminates. Ahn(b!,y)EEr et aE(ﬁ,;@.bé aal cul
From the three defining equations for p we get the following premises for our proof:

[11FO.y)
[2] F(x,1)- F(sx0)
[3] (F (sx ) DF(x, p(sx y))) - F(sxsy)

Lemma: " yF(X,y)- " yF(SX,y). Proof of lemma: For fixed X, assume " yF (X,y),

and we shall prove " ZF(SX,Z) by induction on z From " XF(x,y) we get F(X,l) and
thus by [2] F(S)QO). If F(S)gz), then p(S)gZ) is a well defined number, so from
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" yF(X,y) we get F(X,p(SX,Z)), [3] thus gives us F(sxz)- F(sxs2). By induction
now " ZF(S)QZ).

Main proof: From [1] we have " yF(O,y). From the lemma " yF(X,y)- " yF(SX,y).
Thus by induction * X' yF(xy).

Let us give ourselves a picture. Think of the possible arguments (x,y) of the
Péter function laid out in a two-dimensional grid in the usual way. Calculation from
an argument of the form (O,y), i.e. a point on the y-axis, is immediate by [1].

calculation from an argument of the form (sx0), i.e. a point to the right of the y-axis
but on the X-axis, requires by [2] prior calculation of (x1), i.e. the point on the
column to the left immediately north-west of it. Calculation from any other argument

(sx,sy) requires by [3] prior calculation both from the argument immediately below
it, (Sx,y) and from an argument 6(, p(sx,y))somewhere on the column to the left (just
where determined by the calculation from (sx,y)).

®

7 Essentially, we need to be able to see that
wherever we start from, the tree of branching
b arrows (always going downwards or up-and-
6 left) has only finitely many finite paths, each
ending on the y-axis.
3 Ic
5 i /3 Here is now a more informal version

of the proof above. For every point on the
left column ( X = 0) the calculation terminates
4 I (here we are calculating ¢,). But now for the
first point on the row X =1 the calculation
terminates (since it terminates for the point
3 P north-west of it on the left column), and for
any point on the row X =1 if the calculation
terminates for it, then it terminates for the
. next one (which requires it and some point
on the left column). Thus by induction the
\ calculation terminates for every point on the
1 ) - © column X=1 (i.e. the calculation of ¢
always terminates). By a similar induction
we now prove that the calculation terminates
0 > . for the column X =2, and so on. After n such
i nductions webve proved that
0 1 o) 3 terminates for the column X =n, i.c. that the
calculation of g, always terminates. Thus for
any N we can see that the calculation
terminates for every point on the column X = n, in other words it terminates
everywhere.
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A's we 0 uhe Pétsrdunction goes up very fast, and so does the number of steps
needed to compute it & e.g. the computation of p(2,2)= 7 already takes 27 steps. If
you know a programming language, you might like to test the limits of your
computing hardware by writing a programme that computes it and then applying it to
even quite small numbers.

After this digression on the Acker mann al
thread. We showed that the primitive recursive function were not all the computable

functions by diagonalizing out of them. Now this would seem to provide a problem

foranyat t empt ed general definition of &comp
once we have a putative definition, we need only apply diagonalization to that

definition to show that the class of functions so defined does not embrace all the

computable functions.

To avoid this, weo6ll have to give a defi
apply. And to dosada hddaf,i nweh adtc iomemdal tlta hddote ivislu e
or not a function is computable is not itself computableMor e pr eci sel y:
a class of computational procedures where in general we will be unable to see

whether a computation terminates or not, and we will say that if the computation

terminates it defines a computable function. This we do by the celebrated notion of a

Turing machine.
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7. Turing Machines

Consider a mindless clerk/schoolboy doing computations, and try replacing him by a
machine. We can think of the clerk as manipulating calculations on paper. These
calculations may be carried out by the use of any variety of symbols, but in principle
whatever the clerk could do with these symbols he could presumably also do &
though no doubt less efficiently & with their translation into morse code. So let us
restrict him to a two-letter alphabet & say the symbols 0 and 1. The clerk uses two-
dimensional paper, but it can be no more than a nuisance if we restrict him to writing
the lines of his calculation after one another in one long stream, thus making him
work forwards and backwards on a tape rather than up and down on a scroll. We
shall not, however, want to limit the amount of scratch paper available, for though
any particular calculation will only use a finite amount, the amount of paper
necessary for calculating, say, n°Y n? will increase indefinitely with n. However, the
clerkdés instructions on what to do during hi
along these lines, a clerk computing a particular computable function may be
replaced by a turing machine, defined as follows.

The 6paperd6 becomes a tape divided into d
numeral 616 or the numeral 606. (I f you I
tape is (potentially) infinite in both directions. At the beginning of the calculation the

whole tape is blank except for a section coding the input for the calculation § i.e.

the argument of the function. Let us code the numbernbynt 1 s uccemslsi ve 16s (
because we want to allow for n= 0). For a function of marguments X,,...X,, we could

codetheinputas X +116s f ol | owed kxywlhaoD ffollll owed by a C

i sc
i ke

€ . The machi ne h a sataaymonem @ahswie ¢ell €theh e ad whi ch
tape. At the beginning of the calculation | e
i nput. The machineds activity is governed by
the machine is in one of a finite number of states q,...q,,, and scanning either a cell

with a 6006 or a cell with a 06016. It can 0
0O) Erase the cell it is scanning and print 0
1) Erase the cell it is scanning and print 6
2) Move one cell to the left

3) Move one cell to the right.

We assume that the machine starts in state 0. Each instruction in the machine's

instruction set i s ogfandhescfaonrnm:n goiaf cyeolul awiet |
then perform acti on qoumbTlehrusé tahned ngaoc hiinnteo nsotval
and down along the tape, printing and erasin
state and scanning a cell for which it has no instructions. Then it stops. Let us regard

the machine as giving the output n if when it stops it stops on the leftmost of a

sequencecofn+1 16s. The machineds instruction set
tabled: a |ist o(q,c,a]qﬁawhlere aip{0,1¢ snd ad {0,1,0,.3} mb e r s

We assume that the instructions are unambiguous in the sense that for each possible

value of g, Cthere is at most one quadruple (qi,c,...,...) . Thus, for example, here is a
machine table foramachine t o compute addition, together

pictures for the computation of 2 + 3:
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0011

0130
#H O
1121

2033
2102
3034

313 gl ool 111111 1]0

The machine starts in state 0 finding a 1. It stays in state 0 moving rightwards until it
finds a 0, which it replaces with a 1, going into state 1. It then returns leftwards until
it again finds a 0, whereupon it moves back one step to the right and goes into state
2. It replaces the 1 it is now on by 0 and again moves one step to the right going into
state 3. Again it replaces a 1 by 0, moves to the right and goes into state 4. Being
given no instructions for what to do in state 4 it stops.

For a given input, a machine either after a finite amount of calculation produces an

output, or fails to produce output. (It could fail in two ways, either by stopping with

the read/ write head not on the | eftmost
Thus any machine computes a function defined for those inputs for which it gives

output. A machine which produces output for any n-tuple of numbers whatever as

input computes a total (n-ary) turing -machine-computable function. A machine

producing outputs for only some n-tuples of input (or for none at all) computes a

partial (n-ary) turing -machine-computable function

It is not difficult to show that all the primitive recursive functions are turing-
machine-computable. (The proof is just a matter of designing turing machines for
computing the initial functions (zero, successor, projections), giving a procedure for
combining simpler turing machines into more complex ones corresponding to the
composition of functions, and showing how a turing machine can imitate the
calculation of a function defined by recursion. [To calculate f (y), the machine
calculates f(0) and then goes y times through a loop that calculates f(n+1) from

f (n).] But not only the primitive recursive functions are turing-machine-computable
0 it can be shown for example that the function we defined by diagonalizing on the
p.r. functions, though not itself p.r., is computable by a turing machine.

Can we by a similar diagonal argument get an effectively computable function which

is not turing-machine-computable? No, we cannot. There is no difficulty in

effectively enumerating all possible turing machines T e.g. in lexicographical order

of their machine tables. If f, is the function computed by the nth machine, we can

define a new function by f(x) = f (x)+1. But this time the function f canbe

computed by a turing machine d saythekt h machi ne. We dondét ge
contradiction f (k)= f (k)+ 1 because f, turns out not to be defined for the
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argument K: remember that in general a turing machine computes only a partial

function. Nor can we thin the list of turing machines down to one which contains

only those machines which compute total functions, for the function which, given the

number of a turing machine, gives the value 0 if the machine computes a total

function and 1 otherwise is not itself a turing-machine-computable function (we shall

prove this in due course as the o6unsol vabildi
of diagonal argument we used to show that the primitive recursive functions were not

all the effective functions cannot be applied to the wider class of turing-machine-

computable functions.

Churchodés Thesis and Gener al Recursive Functi

Of course the possibility remains that someone will come up with a function which is

intuitively effectively computable but not turing-machine-computable. (NB: in a

sense this is probably impossibleassumingt her e 6 s n o, th&faccidmof unct i on
mere contingency. But philosophers often distinguish between alethicpossibility, i.e.
genuinepossibility, and epistemigossibility, i.e. possibility-for-all-we-know. The

l atter 1 s what 6s isnontikelyntithtehis wil evar & dope. Howe v er it
Firstly,nooone ever has. Secondly, a variety of dif
computable functiondé have all turned out to

the definition by turing machine does. For example, the definition of a turing

machine can be varied quite a lot without affecting which functions are computable.

Using different codings for inputs and outputs, or an alphabet of more than two

symbols, or a multidimensional arrray rather than a tape, or several read/write heads

simultaneously all make no difference to which functions are computable. Indeed

around 1960 it was shown that a class of much simpler machines, known as register

machines, have the same capacities as turing machines. (Jeffrey uses register

machines, and for actual calculations and proofs we shall follow him. But it is

frankly astonishing that such simple machines can perform all possible mechanical

calculations, hence this digression via Turing) And ot her definitions of
computable functiond along quite different |
Markov and others all also turned out to be equivalent. In consequence almost

everyone now accepts C h u r ¢ h 0 Gométilmes liedsthe Church-Turing

thesi9: that the class of effectively computable functions just iS the class of turing-

machine-computable functions. In one direction this is obvious 8 every turing-

machine-computable function is effective. In the other direction the (overwhelming)

evidence is our failure to find counterexamples combined with the equivalence of

varying definitions.

One particularly important equivalent definition deserves mention here. A function is
general recursive(or just recursive) if it can be obtained from the initial functions
of zero, successor and the projections by means of composition, recursion and the

61 east -operawh gy wiich, Given a function f(y,x), we define a new

function g(X) =nyf (y, X) =0. g(x) is the least y such that for all z<y f (Z, X) is
defined and non-zero while f (y,x)=0, and if no such y exists is undefined. [Note
that if g(x) is defined we can calculate it by successively calculating

f(0,x), f(1,x), ... until we arrive at f (y,x)= 0, but that if it is undefined this
process will not terminate. So general recursive functions, like turing-machine-
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computable functions, may be partial rather than total.] It can be shown that a

function is general recursive if and only if it is turing-machine computable. From

now on we shall simplyusethewor d Orecursived to pick out
machine-computable functions (or register-machine-computable functions).

Closely related to the concept of a recursive function is that of a recursively
decidable predicate/relation/setAgain a predicate/relation/set is said to be
recursive if its characteristic function is recursive.

Ch ur c h 00s thetcldine that eery effective function is recursive 8 is used in

two ways. If we see that a function is obviously effectively computable, we may

concludet hat it is recursive. Such a use of (
inessential in the sense that it could always in principle be replaced by specifically

working out a turing-machine table that computed the function. Contrast when we

show that a certain function is notrecursive and conclude that it is not effective.

Such a use of es€ehtia)inchit ®ithouttit tvechsvé ne way o

getting to the claim that a function 1 sni
i snodt r edhall besnakingean esséfgialb s e of Churchoés t hesi
that there is no general mechanical procedure for deciding whether or not a given

conclusion follows from given premises in first-order logic. We shall make

inessentiab s e of Chumnclbhos phesifsof G°del s t he

Further reading
If you get interested in computability, here are some suggestions:

George Boolos & Richard Jeffrey - Computability and Logichaps 1-8 [A splendidly
clear textbook for philosophers and mathematicians at a level slightly above that of
J e f f Foenal agic, its scope and limits

Hartley Rogers - Theory of Recursive Functions and Effective ComputabHhity. 1
[The introductory (and thus accessible) chapter of a classic advanced textbook]

Piergiorgio Odifreddi - Classical Recursion Theothap. 1 [The longer introductory
chapter of a more recent advanced and encyclopaedic treatment of recursion theory
in what will eventually be 3 volumes]

R. Gregory Taylor - Models of Computation and Formal Languagbsps 1-8 [a
recent, elementary but very detailed textbook aimed at beginning students of
computing science and covering all sorts of definitions of computability over more
than 400 pages with associated software available on the web]
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8. Unsolvable problens

Though Turing machines are historically important, we shall follow Jeffrey in
working with register machines, which are simpler, and compute the same functions.
A Turing machine has as its (imaginary) hardware the tape and the read/write head,
and as its software its machine table. A register machine has as its hardware a finite
number of registers (to name which we shall use capital letters with or without
numerical subscripts) and as its software a flowchart.

Think of the registers as rubber-bottomed and thus indefinitely extensible pots, into

which any finite number of stones can be put. And imagine that we have an

unlimited supply of stones from a nearby and potentially infinite quarry. At the

beginning of a calculation certain registers containthei nput . Wedol | call thes
registers A, A, and so on. Thus for example a machine for calculating a binary

function like addition will have two input registers, and if we were using it to
cal cul ate 5+3 we Odabistes A and 3 stonasiint . THe ressltodb nes i n r

the calculation will eventually appear in the output register, which we shall call B.
We can use, C, D and so on to name other registers. (Note that these naming
conventions are not gquite the same as Jeffre

The flowchart consists of a number of nodes, each of which gives a single
instruction, joined by arrows, which tell us where to go for the next instruction.
There is a single input arrow leading to the node which gives the first instruction. An
output arrow is an arrow leading nowhere, and if we ever reach it the calculation
stops. (There may be more than one output arrow.)

The nodes are of two kinds, add oneand subtract (if possiblepne(to/from a given
register). Any number of arrows may lead to a node, but from an addnode only one
arrow leads out, and from a subtractnode two arrows lead out (one of them marked
by the letteref or demptyd. So:

If the calculation reachesanaddn o de O addt eme. t 00y eghen we put
stone into register ... and follow the out arrow to the next node. If it reaches a

subtrachode O6subtract one from register . ..06 thi
remove a stone from it and follow the unmarked out arrow to the next register; if on

the other hand register ... is empty, we leave it unchanged and follow the out arrow

marked e to the next node.

And thatds all t he Foeexamgsesstedeffray. r egi st er machin

We assume some fixed effective enumeration of register machines M;, M, M,, ...

OEf fectived here means that given a machinebdo
flowchart and given its flowchart we can extract its index number. Since flowcharts

are finite configurations of symbols this is always possible, and exactly how it is

done do e atnalb(One wag mighebe to think up a suitable language for

describing flowcharts, put all such descriptions in dictionary order and number them

off as the zeroth, first , second and so on.)
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We assume there are input registers A, A, A, ... and an output register B. For any n,

any machine can be regarded as computing an n-ary function (start with the

arguments in registers A,...A, and take the result from register B if the machine

halts). Since machines donét al ways halt .
partial function, i.e. a function that may not be defined for all arguments.

We 6 | | reasy [partial} fin@ion computed by the eth machine {€}" and write
just {€} for the unary function {e}l .

Note that if a function is computable at all, it is always computable by many different
machines, indeed infinitely many, since for any machine computing the function
there is a more complicated one doing so as well (e.g. just add on something
redundant like: put a stone into register B and then take it out again).

Wedl I®Ouge® dnean-ebigef(x)® f wnketdomean that app
eth machine to the input X gives a terminating calculation.

A universal register machine

Each register machine computes one parti
which computes addition, say, if you want to compute multiplication. In that respect

register machines look very unlike programmablecomputers. A programmable

computer takes two inputs, the programme and the input proper, and then applies the

programme to the input. But in fact we can simulate this feature with register

machines as well. Consider the following procedure: given two numbers € and X,

build the eth register machine and apply it to input X. This is obviously a mechanical

procedure, so by (inessentialuseof) Chur ch 6s t hesi s, thereds a
computes it, a machine which, starting with numbers € in register A and X in register

A, produces the result {€}(x) in register B if {e} (x)® and otherwise goes on for

ever. This is a universal machine Turing (working with Turing machines of course)
realized this possibility in 1936, thus inventing the programmable computer a decade
or so before any such thing existed in reality.

The halting problem

The halting problem in its full generality is this:
Find a general procedure to determine whether or not the eth machine halts with
input X, i.e. for each n a procedure for calculating the following function:

hn(eaxl,...Xn): ‘l'ei) lf{e} .(Xl,...Xn)@
| otherwise.

We shall show that the halting problem is insoluble, i.e. that the function h,, though

a perfectly well-defined total function, is not recursive/register-machine computable.

We 6| | do t hi s b yaseqthesedf-haltirgprobteqn) a4 ampecwadl Ic
then go on to prove a much stronger resul
no general problem about the functions computed by register machines is solvable!
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The selthalting problem

Consider the set K = {e 1{e} (e) ®}, i.e. the set of those numbers e such that the eth

register machine applied to calculate a unary function from input € generates a
terminating calculation. We shall show that this set is not recursive, i.e. that its
characteristic function:

€0 if {x}(X)®
C\X)=
() :'1 otherwise

is not computable by register machine. For suppose it is computable by some
machine H, and consider the following slightly larger machine:

—
—{ H}>(B)~

This machine halts iff H has left the output register nonempty. Let this machine be
the kth machine. Then it, the kth machine, halts for input kiffHhas sai d it wonodot .

Since the self-halting problem is unsolvable, so is the halting problem. For if some
machine calculated the function

€0 if {e}(x)®
h(ex) =]
(&%) :'1 otherwise

then clearly a machine which copied register A into A, and then ran that machine
would solve the self-halting problem.

Here is an even simpler proof that the self-halting problem is unsolvable, this time
relyingon Churchés thesis rather than anything s

Consider the function

o(x) = ﬁ)x}(x)ﬂ if {x}(x)®

otherwise

g is total but cannot be recursive since for each e it differs from {€} at the argument
e. But if K={e]{e}(e)®}wererecursivegwo uld be (by Churchos thes
definition of g would give an obvious procedure for computing it).
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The use of Chur c h ihessentileegouldreplaceitby hi s pr oof
describing in detail the register machines required (in this case the rather complicated

machine which, given a number X, simulates the result of applying the xth machine to

input X).

Ri cedbs Theor em

We now prove a spectacular result. Take anyproperty which holds of some
computable functions but not for others. There is neveran effective procedure for
sorting out those machines computing functions with the property from those
computing functions without the property. Our proof again makes inessentialise of
Churchos thesis.

Theorem (H. Gordon Rice, 1953): Let Sbe any set of unary partial recursive
functions. Then the set C = {e| {e}i S} of indices of machines computing members
of Sis never recursive except in the extreme cases of Sbeing empty or Sbeing the
set of all unary partial recursive functions.

Proof: Without loss of generality (if necessary replacing C by its complement) we
can assume that the nowhere-defined function @ is not in § and assume that some
function ) isin S Consider the following procedure. Given a number X, construct
the register machine which given an input y first attempts to calculate {X} (), and if
that calculation terminates goes on to calculate y (y) Call the index of the machine

you have constructed f(x). ({f (x)} will be either y or @, depending on whether x

isthe index ofaself-hal t er . ) By Chur Cihadosmlretulsieesi s t he
function. (For i tds computed by: construct t
8 you do n aunthdmackiee.) Butove have f(x) i C iff xis the index of a

self-halter, so if C were recursive we would be able to solve the self-halting problem.

€0 if {x} (x)®
Indeed ¢, (X)=1 if{ }( ) is also given by ¢, (X)= ¢, (f (X)) End of proof.
i 1 otherwise

|l mmedi ate coroll aries of Ri ceb6s theorem .
example) all the following problems:

Is {€} a total function?

Is {€} defined almost everywhere (i.e. except on a finite set)?

Is {€} the nowhere-defined function?

Is {€} a constant function?

For fixed a, does {€} ever take the value a?

Are the values taken by {€} bounded?

For fixed a, does {€} compute the same function as {a} ? (e.g. does {€} compute the
zero function?, does {€} compute the successor function? etc.)

Do {€} and {f} compute the same function?

Twojokey applications of Ricebs theorem:
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1. In V7BFL2 the instructor sets the assignment: construct a register machine to

compute the ... function. No possible computer program reliably marks possible

answers for correctnessgThis also applies to the computer programming class,

where students are being asked to write programs in say Pascal or C.)

2Will'iam F. Dowling, 0T HWmarianMathematda Safe Vi ru
Monthly96 (1989) 835-6.

Hi l bertds tenth problem

There are plenty of examples of unsolvability in general mathematics (i.e. outside of

logicandc omput er science). The most famous is pr
that of finding a method for determining whether or not a given diophantine equation

has a solution. (A diophantine equation is a polynomial equation in any number of

variables, but where solutions are constrained to be integers. e.g. X - 3y’ +1=0 has

no integral solutions but X* - 5y +1=0 has the solutionx=2,y=1 . ) Hi | bert 6s t en:
problem was finally proved unsolvable in 1970.
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0. Churchoés Theorem

Chur choés t he enamenttindirstdrder logisis notretiettively

decidable in other words that there is no computer programme which, given a finite

set of premises and a conclusion in first-order logic, after a finite amount of

computation prints out OYES6 if the premises e
donoét .

Since the premises / ,,/ ,,../ , entail the conclusion y iff the formula
/,9),9D..9f - y islogically valid, an alternative st at ement of Chur
theorem is that validity in first-order logic is not decidable

Note that the tree method, which provides a decision procedure for propositional

logic, fails to provide such a procedure for first-order logic, since in propositional

logic the construction of the tree from a finite root (of premises plus negation of

conclusion) always terminates, either with all branches closing (valid), or with an

open branch (invalid), but in first-order logic though in the case of validity the tree

will eventually close (completeness), in the case of invalidity the tree in general goes

on for ever, so you candét in general tel]l
going to close or just because you haven

Wesketchthepr oof of Churchodés theorem (but for
and complete treatment see chapter 8 of Jeffrey).

The idea is: we describe register machines in a first-order language in such a way
that the machine halts iff that it halts is entailed by our description. If we had a
means of deciding entailment, we would thus have a decision procedure for whether
machines halt or not, which we know cannot exist.

Consider the following simple machine, where we have assigned numbers to the
arrows:

o\/ﬁ\a 1 \@*
e

3

(This machine halts if we start with register A empty, but goes on for ever if we start
with register A nonempty.)

We take a first-order language with the individual constant 0, the unary function

symbol s, and a three-place predicate Rtixywh i ¢ h me gehaftheb at st a
computation we are on arrow number X and thereareyst ones i n regi ster
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had two registers we would need a four-place predicate, and in general if we have n
registers we need an n+2-place predicate.

Here is our description of the machine:

(1) " y(RtOsy- RStSOy) [with obvious abbreviations,
"t"y(Rt0sy- Ratly)]

2)  "t(R00- Rstsss00) [ie. " t(Rt00- Rst30)]

(3) "t"y(RisOy- RstssOsy) [ie. "t" y(Rily- Rst2sy)]

4) "t y(RssOsy- RasOy) [ie. " t" y(Ri2sy- Rstly)]

(5) " t(Rtss00- Rstsss00) [ie. " t(R20- Rst30)]

Intuitively, (1) tells us that if at some stage we are on arrow 0 with y+1 stones in A,

then at the next stage we are on arrow 1 with y stones in A. (2) tells us that if at some

stage we are on arrow 0 with A empty, then at the next stage we are on arrow 3 with

A still empty. (3) tells us that if at some stage we are on arrow 1 then at the next

stage we are on arrow 2 with an extra stone in A. And (4) and (5) (similar to (1) and

(2)) tell wus what happens after wedve been o

The machine halts iff we ever reach arrow 3, so that the machine halts is expressed

by $tPyRissSOy [i.e. $tHyRL3y].

We now need a premise stating the initial condition of the machine & viz. that when
t is zero we are on arrow 0 with a certain number of stones in register A. For zero
stones in register A this will be the premise R000. From that premise together with
(2) we get R130, and from that $t$yRE3y, in other words our description of the

machine together with initial conditions entail that the machine halts. If we start with
one stone in A our initial conditions are stated by RO01. By (1) we then get R110, by
(3) R221, by (4) R310, by (2) R421 and so on. Clearly for any n our premises entail
the correct description of where we are at the nth stage of the computation.

We can clearly do this for anymachine. (If there is more than one exit arrow the
halting condition will be a disjunction.) And in general:

If the machine halts, then for some n it halts after n steps, but since our description
entails for any n where we are after n steps (at least until the machine halts, if it
does), our description entails that it halts.

I f the machine doesndét halt, then since our
domain of natural numbers and withOandshavi ng t heir wusual meaning
entail falsehoods, so our description does not entail that it halts.

But if there were a procedure for deciding whether or not entailments hold in first-
order logic, that would mean that we would be able to solve the halting problem,

which we know we canot .

NotethatIdidnots ay t hat i f the machinéatdd oesndt hal't
doesndét halt. I didndét say that because itos
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(expressed of course by x$tPyRt3y) when it starts with a stone in register A
follows by arithmetic(not just logic) from our premises, To get that conclusion we
would need to put in some extra arithmetical premises. A proof might go as follows.
First prove by induction (so using an induction axiom) that " t(RtOl URtIO U Rt21),

then show (using the usual successor axi
follow that x $tPyRt 3y. Wit hout arithmetical premise
since nothing rules out e.g. a model in which there is only one number, 0, which is its

own successor (so that 0=1=2=...), and in which R00O is true. In such a model (1) to

(5) all come out as trivially true, and R001, i.e. RO0O is also true, but x $tSyRt 3y,

ie. x$tPyRLOy, is false. In fact even if we add arithmetical axioms there will always

be some machines which dondét halt, but wl
axioms. For if our axioms always entailed halting in case of halting andnon-halting

in case of non-halting, we would have a decision procedure for the halting problem

via: systematically look both for a proof of halting and simultaneously for a proof of

non-halting until you find one or the other (and by completeness you must eventually

find one or the other). This rather surprisin g r esul t i s actually a
theorem, to which we now come in its full glory.
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100 G°del 6s Theorem
The expressive power of PA
First-order Peano Arithmetic (PA) has, you will remember, as its language first-order

logic with identity and function symbols for successor, addition and multiplication
and as its axioms two axioms for successor,

" X' y(sx=sy- x=y)
" xsx, 0,

the recursion equations for addition and multiplication,

"xX+0=x
" X' yx+sy=s(x+y)
"xx30=0

" )(ll yX3 Sy: (X3 y)+ X,
together with the first-order induction schema

Ifj(x)i s a for muxba faeret, aitrhiemg tdhve universal cl o:

( ©2" x( (- j 6X)- " % (x)) s an axiom.

PA is strong enough to express and prove all results of particular mechanical
calculations.

More precisely:

Let P be a k-ary relation on natural numbers. The wif F (xl, ...xk) of PA with k free
variables representsP iff for any particular numbers n,,...n,:

If Pn,...n. holds then PA | F(,...7i,)
If Pn,...n, does not hold then PA | xF (A,,...A, ).

[We are here using the notation N to indicate the numeral for the number n, i.e. the
cl osed ter mOtimense rstfimlgl owed by 06006. ]

Let f be a k-ary function on natural numbers. The wff Y (X1 yee X s y) of PA with k+1
free variables represents f iff for any particular numbers n,,...n, with f (nl, ...nk) =m
we have

PAL" y(Y (,.-A.y)2 y=m).

A function/relation is representablein PA iff there is a wff of PA which represents
it.
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FACT: Every recursive relation and function is representable in PA.

We shall not prove the FACinygdo®texgbookt hough
of mathematical logic). The crucial point in the proof is that once we have both

addition and multiplication it becomes possible to reduce recursive definitions to

explicit ones. Consider, for example, a function defined recursively by the equations:

f(0)=a
f(sx9)=g(f ().

where a is a number and we assume we already have a means of expressing the
functiong. We c anf(xp=>xypr as s deduenced numbsrs ...,

such that z = a, foralli z,=g(z)and z=y. But PA doesndt all ov

over sequences of numbers, only over numbers. We therefore have to find a way of
coding sequences of numbers by individual numbers. If we had exponentiation in the
system, this would be relatively easy, we could code the sequence Z,...z, by the

single number 2™ 3 .3 p**' where p, is the i+1th prime. (I am here using the
6fundamental theorem of arithmetic6 whi cl
than 1 factorizes uniquely into powers of primes.) We would then say there is a

number such that 2 divides it a+1 times, and for i<xif p, divides it z+1 times then

p.., divides it g(2)+1 times and p, divides it y+1 times. Godel discovered an

ingenious way of coding sequences of numbers by single numbers whichd o e s n 0 t
require exponentiation and works just with addition and multiplication. The way it

works is based on a moderately obscure piece of number theory known as the

Chinese remainder theorem, and the definition operates by something known as

0 GO dlefl bdrsct i ono6. | tshws quike hwkward and messyl sovgee ni 0
shanoét bother with the details.

Note: I am claiming a kind of completeness for PA concerning calculations with

particular numbersAs we shall see, PA does notprove all true generalstatements

about recursive relation s / f uncti ons. I n fact we donot |
represent the recursive relations and functions. If we throw away all the induction

axioms and just put in the axiom " X(X , 0- $yx= S)) to the effect that zero is the

only non-successorweget a system known as ORobinson
seven axioms are already strong enough to represent all recursive functions and

relations, though the system is so weak that just about no significant generalities are

provable in it (not even things like associativity of addition). Jeffrey presents

Robinson Arithmetic in §6.9 of his book.

Arithmetization of syntax

We shall prove G°del 6s theorem by gettin
itself that itds unpr alkadontkyetdx inthdJamguagee hav e
of PA. This we do by assigning to every syntactic item we might want to talk about

(symbol s, formul ae, proofs ...) a number .
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We have a wide choice as to how we encode syntactical items by numbers. In fact
any system will do so long as we have an effective procedure for moving from a
syntactical item to its Godel number or from a number to the syntactical item that it
encodes. A convenient system, essentially that used by Godel in his original paper,
is the following.

Assume that our language has " as its only quantifier and —, - as its connectives

( we 61 I$, Uete. gs defindd symbols). Call the variables X, X, etc. (though in
practice we shall continue to use X, yetc.) Then we can assign an odd G6del number
to each primitive symbol by the stipulations:

o("1)=3 o +)=11 o())=19
o(x')=5 o(*)=13 o( 0) =21
g(- ")=7 g('s)=15 g(' x')=23+2i
a(=")=9 a(()=17

Given an expression 8 i.e. a finite sequence of symbols 8 s,...S,, with Godel
numbers g,,..., d., we define the Godel number of the sequence to be
2%3 3 p%(again p, is the i+1th prime).

For most formal systems a proof would be a sequence of expressions. We could code
the sequence of expressions §,...§, with Godel numbers g,.,...,J, , again by

2%3 3 p%. Note that with this system of numbering the Gdel number of a
symbol is odd, the Godel number of an expression is even and the power of 2 in its
prime factorization is odd, and the G6del number of a sequence of expressions is
even as is the power of 2 in its prime factorization. Thus every syntactic item has its
very own Godel number, and it should be clear that we can move mechanically from
a syntactic item to its Godel number or from a number to the syntactic item, if any,
whose Godel number it is.

If (as in the system of logic we know from Jeffrey) a proof is a tree, then we encode

trees of expressions rather than sequences of expressions. Jeffrey gives a way of

doing this in A7.3. More i n tune with what
consisting of a single formula with Gédel number g as having Gédel number 2°, the

tree formed by appending the tree with Godel number g, below the formula with

Godel number g as having Godel number 293 3% and the tree formed by appending

the trees with Godel numbers g,, g, below the formula with Godel number g as

having Gédel number 293 3% 3 5% Any system will do so long as we can move

mechanically from a syntactic item to its Godel number and from a number to the

syntactic item whose Godel number it is.

Now instead of talking about syntactic items we can talk about the corresponding

numbers. For example, instead of saying that a symbol is a two-place function

symbol we can say that a number is the Godel number of a two-place function

symbol. Further: since it is clearly mechanically decidable whether or not a number

is the Godel numberofatwo-p| ace function symbol, the pr
number of a two-place functions y mb ol 6 i s r empdecd,t®@nt abl e i n
represented by the formula
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X X, = SSSSSSSSHSS X, =SSSSSSSssdb

for if in this formula we replace X, by the numeral for 11 or for 13 we get a sentence

provable in PA (indeed provable from logic alone) and if we replace X, by any other

numeral we get a sentence disprovable in PA (using the axioms for successor).
Similarly, there wil/ be formulae of PA |
number ofawell-f or med formul ad, o6... is the G°de
t reed et aemechaifically dedidible mroperties of numbers, therefore by

Ch ur c h 0igessdnthaleiss)iresursi{e and therefore (by our FACT)

representable in PA.

G°odel 6s incompleteness theorem

Consider the relation which holds between two numbers n, mjust in case n is the
Godel number of a wff 7(X) with one free variable and mis the Godel number of a
proof in PA of the closed wff 7 (1) (which arises from replacing the free variable in
f(x) by the numeral for the Godel number of £(X)). This relation is effectively
decidable. To decide whether it holds between given n and m, find the wif (if any)

forwhichni s t he G°del number , c h e eakiablayifiie t her i
is stick the numeral for n in in place of the free variable and check whether or not m
is the G°del number of a proof of what vy

(inessential use) the relation is thus recursive and by our FACT representable in PA.
In other words there is a wff W(X, y) with two free variables such that:

If nis the Godel number of a wff 7(x) with one free variable and mis the Godel
number of a proof in PA of the closed wff 7 (), then PA | W(n,m

If it is not the case that n is the Godel number of a wff f(X) with one free variable
and mis the Godel number of a proof in PA of the closed wff 7(fi), then

PA | xW(A,m).

[ Note that since our use of Churchoés the:
write down the wff W(X, y), at least in abbreviated form.]

The wif " yXW(x, y) is a wif with one free variable, and has a Godel number, say p.
We now stick its Godel number back into the formula to give us the closed wft:

T " yxW(D,y).

£ is our sentence which O6sawysthod itsel f
number Y is the Godel number of a proof of the sentence which arises by taking the

wif with one free variable and Godel number p and replacing the free variable by the

numeral for the Godel number. But 9 is that sentence! So in effect, q asserts its own

unprovability.

We show first that if PA is consistent, 9 is unprovable. If it were provable, let k be
the Godel number of a proof of it. Then p is the G6del number of a wff with one free
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variable (namely " ny(X, y)) and K would be the Godel number of a proof of the
sentence which arises by sticking the numeral for p in for the free variable. So we
would have PA | W(b, k). But W(f), k) contradicts ¥, so PA would be inconsistent.

Assuming (as we do!) that PA is consistent, § is thus unprovable in PA. And since it

asserts its own unprovability, 1tdés true. It
Indeed, since 9| is unprovable in PA, no number is the Godel number of a proof of it

0 Oisnot, I is not, 2 is not, and so on. By the properties of W(x, y) we thus have

PA | xW(P,0), PA F xW(p, 0), PA | x W(p, s9), and so on, indeed for every
number mwe have PA | x W(b, m). If q were disprovable, i.e. if its negation

$yW(b, y) were provable we should then have the strange phenomenon that for

every particular number m we could prove % W(b, ﬁ"l) but nevertheless we could also
prove that there isa number Y such that W(b,y). This is what is known as w-
inconsistency. A system of arithmetic is said to be w-inconsistent if for some wff

f(x) for every particular number mwe can prove X f(M) but nevertheless we can
alsoprove $xf(x). We dve seen this phenomerdeon before i
Peano arithmetic is not categorical. There we had a system in which we could prove

all of the sentences 'c, 0,'c, s0,'c, s9','c, ss¥,'c, sss@'... but also the
sent &xcexd .0 That e x ampvineonsistdnay #oss notiestailt h a t

i nconsistency, but i twlnsonsigtantaystdmynlythas d e s i

rabl e,
nonstandard models and isnot true to the i

nt

To sum up: If PA is consistent (which it surely is!), 4 is unprovable in PA. And if PA
1s W-consistent (which it also surely is!) the negation of 9 is also unprovable in PA.
So PA, assuming it is W-consistent, is incomplete.

Since q is a true sentence of arithmetic, the obvious thing to do would be to add it to

PA as an extra axiom. Well, we can do this if we like, but we can then go through the

whol e thing again, finding a new sentence wh
unprovable in the system PA+]. Of course it will be true too, so we could add it as an

axiomtoo,but t hen ... Wedll never get a complete
will apply to any system which is such that:

1) The recursive relations are representable in the system
and

2) It is a formal system, i.e. one in which whether or not an array of symbols counts
as a proof or not is recursively decidable.

Thus no formal system captures all and only the truths of arithmetic: Arithmetic is
unaxiomatizable
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11. The fundamental theorem of arithmetic

[This section is notpart of the course: I am including it just because I used the

fundament al theorem in the | ast section,
than just state the theorem as a FACT. |
any number theory you will already know a proof, but probably not this one.]

Every natural number greater than 1 is representable as a product of finitely many
primes, and this representation is unique except for the order of the factors

The proof which follows (due to Ernst Zermelo) is a little bit more convoluted than
the standard proof (due to Gauss), but requires no advance lemmas beyond very
obvious facts about divisibility.

LetnO2 . DpénY td ba tke smallest divisor of n to be greater than 1. p(n) is prime
(for if it were composite its divisors would be still smaller divisors of n).

Proof of existence (the easy bit): If n is prime then we are done; in particular this
give us the basis for an induction starting with n=2. Now assume n>2 and for all m
Wi t m<n2n@ representable as a product of primes. Without loss of generality
assume N is composite. Then for some mw i t Im<n&&have n=mp(n), and
replacing min this equation by its prime factorization gives a prime factorization of
n.

Proof of uniqueness (the non-trivial bit): Suppose for reductiothat there is a natural
number whose prime factorization is not unique and let n be the least such. Again
write n=mp(n), a factorization of N which includes the prime p(n), and which
generates via the uniqueprime factorization of ma prime factorization of n. But

2

thereds supposed to bennafmtwithallthpg i me f ac
s=1

prime. The g, must all also be greater than p(n) (for otherwise the prime

2
factorization of m would not be unique). Define n'= (q1 - p(n)D g, , a positive

s5=2
2
number, which because n'=n- p(n)O g, must be divisible by p(n). But n'< n, so
s=2
n' has a unique prime factorization including the prime p(n). But since
2
n'= (g - p(n))O q. that must mean p(n) divides g, - p(n), and thus p(n) divides q,,
s5=2

contradicting the fact that , is a prime greater than p(n).
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12 More on G°del s Theorem
Secondorder logic again

A long time ago we stated that the completeness theorem fails for second-order logic.

We can now see why that must be the case. A sentence of arithmetic is true if and

only if it is entailedby the secondorder Peano axioms. Now we require of rules of

deduction in a formal system that it be mechanically checkable whether or not they

have been correctly applied. A complete set of such rules for second-order logic

would give us a complete formal system of ar
cannot exist. Basically, the situation is:

The axioms of second-order arithmetic entail all and only the truths of
arithmetic, but there is no formal set of rules of deduction giving a
derivation for every entailment.

With first-order arithmetic anything entailed by the axioms can be
deduced from them, but the system of axioms is itself incomplete.

The unprovability of consistency

anis the Godel number of a proof in PA of the wff with Godel number N0 ai s
decidable relation between numbers, and thus represented by a wif Proveéy, X) such

that:

If mis the Godel number of a proof in PA of the wff with Godel number
n then

PA | Proves(m,n).

If it is not the case that mis the Godel number of a proof in PA of the wff
with Godel number n then PA | x Proves(m,n).

Now consider the wff $yProves(y, x). This wff asserts that there is a [number which

is the Godel number of a] proof of the wif with Godel number x. We shall abbreviate
itas Prblg(x).

Let g be the G6del number of the wff 0=1, i.e. 0=50, a 39-digitnu mber whi ch | & m
afraid my pocket c akRrhgghitaoffasseringthatPAhandl e. Th
is consistent (for 0i1 is a theorem of PA an
every contradiction is provable in PA). We shall call this wff which asserts in the

language of arithmetic that PA is consistent Con(PA).

Our proof of G°del Grdormally @ Bnplichithewas conduct ed
metalanguage) about the formal system PA in its object language. We showed that if

PA is consistent, then ¥ is unprovable in PA. But in fact all the informal reasoning

we used in English can be formalized in the language of PA, and the proof can be

carried through in the object language. We thus get as a theorem of Pfhat if PA is
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consistent then A& is unprovable. But O0PA
PA by Con (PA) , and the unprovability of 9 by ¥ itself. Thus we have:

PA | Con(PA)- 1.

But now if Con (PA) were provable in PA, then 4 would be provable, which we

know to be impossible if PA is consistent. Thus we have shown that if PA is
consistent, Con(PA) is unprovable in PA. This gives us:

G°odel 6s theor em o AssumiagriPA is corfsigent,ghy pr oo f s
consistency of PA is not provable in PA.

In fact the Godel sentence ¥ is equivalento Con(PA), since i f true it

and if anythingis unprovable then PA is consistent (in an inconsistent system every
sentence is provable). In fact:
PA} Con(PA)2 {.

This theorem generalizes beyond PA to any sensible formal system strong enough
for the representation of the recursive functions and relations.

Now for a slightly delicate point. I said above that Prolgx) 6 assert s t hat 6 t
with Godel number Xisp r ov a b |l e ; réepredentegnodabilitysVéhy not? t

Wel | , bec au sietheiGddel mlmberofra prdvable wiffthen Prble(n) is

true, and if N is not the Godel number of a provable wff then Prblg(n) is false ( so

x Prblg(f) is true). But we have just seen that not everything true is provable. If

Prblg(f) is true then in fact it is provable (because forsomemwe 61 | be abl e t
Prove§, ) and thus $yProvegy,n)), but if n is the Godel number of an

unprovable sentence then x Prblg(fi), though true, is notprovable in PA, since it
entails the consistency of PA.

In fact provability in PA is not representable in PA because the set of Godel numbers
of theorems of PA is not a recursive set. It has however the weaker property of
recursive enumerability. A set of numbers is recursively enumerable(or r.e.) if
there is a mechanical way of churning out its members one by one such that for each
number N in the set, N eventually gets churned out. Given any formal system, the set
of Godel numbers of its theorems is always r.e. (to churn them all out just, for
example, write all proofs in the system in dictionary order), but (as in the case of PA)
it may not be recursive: we may not have, for an arbitrary number, a mechanical way
of deciding whether or not it will eventually get churned out. Any recursive set is
trivially also r.e., but the converse does not hold. If, however, both a set and its
complement (i.e. the set of all the other numbers) are r.e. then the set (and its
complement) will be recursive (to decide whether n is in the set or not, just carry on
both churning-out processes simultaneously until n appears - as it must - in one of
them). For this reason, the set of Godel numbers of theorems of any completetheory
is recursive (if n is the Godel number of a wff, churn out theorems until you come
either to a proof of that wff or a proof of its negation).
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Using PA totalk about computability

Each stage of a computation (by Turing machine or register machine or whatever)
consists of a finite array of symbols, and such finite arrays can be coded by numbers.
(e.g. just invent a suitable language for describing the machines and their states, and
write all such descriptions in dictionary order). And a completed computation

consists of a finite sequence of such arrays, and can thus also be coded by a number.
Assume some such fixed coding, and also a coding for the inputs to machines, an
input being a finite sequence of numbers (of length K for a k-ary function). Consider
now the relation which holds between the three numbers €, X and y iff y encodes a
completed computation produced by the eth machine with input coded by x. We & | |

write thisas T(ex,y) ( 6 K| e€Tepreedds cat ed) . |1 tds a mechanica
predicate (to decide whether it holds between given €, X and Y just find out what

procedure y codes and check whether or not it is indeed a finished computation of the

eth machine with input (codedby)x) . So by (i nessenti al use of)
recursive. In fact it turns out to be primitive recursive; this is not all that surprising,

since from the size of y we will be able in advance to put a bound on the length of the

calculation needed to decide whether or not T (e, X, y) . It is thus representable in PA,

and we can express (though not represent!) the claim that the eth machine with input

(coded by) X gives a terminating calculation by $yT (e, X, y). If a calculation does

terminate, then PA always proves that it does: if the eth machine applied to input X

gives a terminating calculation, then for some n, T (e, X, n) is true, so PA proves

T (é, X, ﬁ), and thus proves $yT (é, X, y). However PA does notalways prove that

nonterminating calculations fail to terminate; consider, for example, a machine that

systematically looks for a proof of a contradiction in PA and halts when it finds one.

It wondét halt, since PA is consistent, but P
that 1 t6s consistent.

For fixed e and X we can find the y such that T (e, X, y) if it exists just by
successively testing T (e, X,O), T (e, X, 1), T (e, X,2) and so on: it will be the least n
such that T (e, X, n). Also, from any y which codes a completed computation we can
extract the result of the computation (e.g. in the case of register machines it will be

the contents of the output register at the end of the computation.). Call the function
which does this u; it is also (unsurprisingly) primitive recursive. Thus for the partial

recursive function given by the eth machine we have {e}(x)=u (nyT (ex, y)) This

explains why all the recursive functions can be got by adjoining the /moperator to the
ways of defining primitive recursive functions (see § 7 above).

Now | etdés prove G°del 6s theorem again in a s
computations. From now on | | oxasl y consi der
beingrather than coding the input. Consider a machine which given input X searches

systematically for a proof in PA that the calculation {X} (X) does not terminate. If it

finds one, It halts, (with att.letthisut O, say) an
machine be the kth machine. Now consider what happens when we give this kth

machine the input k.

0
0
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Suppose PA proves that the computation {k} (k) does not halt. Then by the

properties of the kth machine the computation doeshalt, and PA will also prove this.
So PA will be inconsistent. In other wor
the computation {k} (k) fails to halt.

On the other hand, if PA {kikpfslntdhbltthpnr ov e t |
the computation {k} (k) indeed fails to halt (an arithmetical truth which PA fails to

prove), and if PA proved that it halted, then it would prove $yT (R, K, y) but also for

every N would prove X T (E, K, ﬁ) and would be w-inconsistent.

So if PA is consistent, then the computation {k} (k) fails to halt but PA fails to prove

t his. For G°del s theorem on consi.stency
Then if PA proved ConPA) then it would prove boththat the computation failed to
haltandt hat it didndét prove this, and since

it proves it (remember that if n is the Godel number of a proof of the wff with Godel
number mthen PA proves Proves(ﬁ, rTl) and thus $yPr0ves(y, rT”I)) PA would be

i nconsistent. So i f PQonHAsy consistent it
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13. The undefinability of truth
The diagonalization lemma

The Godel sentence sayssometh i ng about i1its own G°del number
the Godel number of a provable wff. The method used to generate the Godel

sentence can be generalized to get other sentences saying something about their own

Gedel number . | ndeedi avgo rhalviez d thieord oll d mma &g O

Let 7(X) be any arithmetical wff with one free variable. Then there is a sentence y
of arithmetic with Godel number n such that PA | y 2 £(7).

[In other words, whatever £ said about X is said by ) about its own Godel number. |

(Sketch of) proof: Consider the function subwhich leads from the Godel number m
of a wff with one free variable to the Godel number of the wff which arises by
replacing the free variable by the numeral for m (in other words if 7(X) has Gédel
number m, then su(m) is the Gédel number of 7(M). This function represents a
straightforward calculation and is thus represented in PA. Now given 7(x), let

f (sut(x)) have Godel number m, and define y to be f (Sut(m)) Note that sul{m)
is the Gdel number of ) , so ' says of its own Godel number what £(x) said of X.

Tarski 6s theorem

The set of Godel numbers of true sentences of arithmetic cannot be a recursive set,
for if it were we could take the set of true sentences of arithmetic as the set of axioms
for a complete theory of arithmetic. However, more than this is true: the set of Godel
numbers of true sentences of arithmetic is not even arithmetic [read as an adjective,
stressing the third syllable!] in the following sense:

A set Sof numbers is arithmétic (or: definable in arithmetic) iff there is a wff £ (X)
of arithmetic with one free variable such that for all n, ni S iff £(n) is true.

[Note: this is a broader concept than representability, having to do with truth, not
provability, e.g. the set of Godel numbers of provable sentences of arithmetic is
defined but not represented by Prble(x). In fact only recursive sets are
representable”, but lots of nonrecursive sets are arithmetically definable, for example
all r.e. sets.]

Tar s ki 6 s Thtshtef@dde mmbers of true sentences of arithmetic is not

arithmetic. Proof: suppose it were, defined by the wff Tr(x). Apply the diagonal

lemma to the wff x Tr(X), giving us a sentence J/ of arithmetic with Gédel number

nsuch that PA |y @ xTr(i). But by the properties of Tr(X) it is true that

¥y 2 Tr(RA), so PA would have a false theorem (our sentence y woul d 6say of itse
that i1t is not truedé, thus reproducing the |

? Exercise: why? Assume that a set is representable and generate from this a decision
procedure for membership of the set.
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Tarskios theorem, |ike G°del 6s theorem,
represent the recursive relations and functions. Thus, for example, truth in first-order
arithmetic is definable in second-order arithmetic (with suitable [incomplete] rules of
deduction), but truth in second-order arithmetic is not definable in second-order

arithmetic. And truth in second-order arithmetic is definable in set theory, but truth

in set theory is not definable in set theory...
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With ongoing modifications by Carrie Jenkins
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